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Some technical details on the solution path are presented, supplementary to
the publications Wang et al. (2014, 2015).

1 Zero-inflated Poisson regression

Assume response variable Y has a zero-inflated Poisson distribution, denote d; +
1 and ds + 1-dimensional vectors B; and G;. The parameters p = (p1, fa, ...fin)T
and m; are modeled with log(u;) = BTj and logit(r;) = log(m; /(1 — m;)) = GI¢
for covariate matrix B and G, which can be different. To include an intercept,
let BiO = G,;O = 1. Define & = (CT,ﬂT)T with length d = d1 + d2 + 2. The
log-likelihood function £z;p(®;y) is given by

Czrp(®;y) = Y log(exp(GTC) + exp(—e”#)) + >~ (4 B] B — exp(B] 8))

y;=0 yi >0
n
=D log(1+exp(GIQ)) — ) log(yil).
=1 yi>0
1)
We define a penalized log-likelihood function for ZIP model:
plzrp(®;y) = Lz1p(®y) — (¢, B), (2)

where

dy . do .
p(C.8) =Y (ol ey S o)+ 2200 gy 3)

j=1 k=1

In the R package mpath, a1, @y are labeled as alpha.zero, alpha.count, re-
spectively; A1, Ay are labeled as lambda.zero, lambda.count, respectively. For
an maximizer ® of plzrp(®;y) if and only if the subdifferential of plz;p(P;y)
at ® is 0. Take derivatives:

Olz1p(®iy) Z exp(G{¢)Gij B i: exp(G]Q)Gij
¢ = exp(GIQ) +exp(—exp(BIf)) = 1+ exp(GI()
Olzip(®iy) _ ) exp(=exp(B] B8)) (= exp(B] §)) Bix (@)
OBk = ep(GIQ) + exp(—exp(B]B))
+ Y (yiBix — exp(B] B)Bix).
y; >0



In this document, we take j = 1,...,d;,k = 1,...,d> unless otherwise specified.
The subdifferential of p(¢, 8) at ¢; # 0 is nag Aisign(¢;) + A1 (1 — a1)¢;, and the

subdifferential of p({, 8) at B # 0 is nagAesign(B) + A2(1 — ae)Bg. The subd-
ifferential of p((, B) at (; = 0 is naj ey for e; € [—1,1], and the subdifferential
of p(¢,B) at Br = 0 is naghges for es € [-1,1]. Together, we have the KKT

conditions for an maximizer ® of pl; p(P;y):

if (; #0: —MZ’;S;” + nagAisign(¢) + A (1 — aq)¢ =0,

iffj :0:—8621551);:” + naie; =0, 5
if B, £0: 7%161:76(;5;2/) + nasAasign(Bx) + Aa(1 — a2)Br =0,

if B, =0: _852335(;1»;3/) + nasses = 0.

Therefore, for fj = O,Bk = 0, it must be:

‘afsz(q);y) agZIP((I);y)
0¢; OBk

Denote A1 max and A2 max the smallest values of A\; and Ay, respectivley, such
that (; = 0,5r = 0, and (A1 max, A2,max) can be determined by (6) and the
following quantities:

) < nag g,

‘ S nOé2>\2. (6)

Mzrp(®;y) exp(Co)Gij _ =~ exp(Co)Gij
a¢; - yzz:o exp(Co) + exp(—exp(fo)) ; 1+ exp(Go)’
oMzrp(P;y) exp(—exp(fo))(—exp(Bo)) Bir
Br yi——:() exp(Co) + exp(—exp(6o)) ™
+ Z (yiBir — exp(Bo)Bik)-
yi>0

There is an alternative approach to construct (A1 max, A2, max) as in Wang et al.
(2014). In mixture models, the EM algorithm is set up by imposing missing
data into the problem. Suppose we could observe which zeros came from the
zero state and which came from Poisson state; i.e., suppose we knew z; = 1
when y; is from zero state, and z; = 0 when y; is from the Poisson state. Denote
z = (z1,22,...,2,)7. The complete data (y,z) log-likelihood function can be
written as

n

U71p(®5y,2) = 3 {2GT¢ — log(1 + exp(GTQ))}
= (8)
+ Y (1—2z){y;BI B —exp(B]B) —log(y!)} .

-

=1



The complete data penalized log-likelihood function is then given by

Pl p(®y,2) = {2:GI¢ —log(1 + exp(GT())}
=1

n 9)

+ ¥ (1 —z){y:B] 8 —exp(B]3) — log(y:!)} — (¢, B).

—

Taking derivatives of (8), we obtain

NG 1p(P5y,2) _ En: {ZiGij _ exp(GTQ)Gy; } :

d¢; — 1+ exp(G]¢)
ot (1. 2) n (10)
7 Y, 2
% =3"(1 — 2) {yiBix — exp(B] B) Bur}
i=1
The KKT conditions of an maximizer & for plSp(®;y, z) are given by:
P ors P .
if¢#0: —Zlé}(,y) + nagAisign((;) + A (1 — aq)¢ =0,
J
if éj =0: 7%18P7((I)’y) +77,041)\1€1 = 0,
ol C(JCIJ ) (11)
if By £ 0 _$k’y + nasosign(Br) + Ao(1 — a2)By = 0,
. c P:
if B, =0: —aEZIaPﬂ( 7y) + nasAoes = 0.
k
Therefore, for éj =0, Bk = 0, it must be:
G 1p(P5y) G 1p(P5y)
L 7L A, |—2 2 < A2. 12
ac; < nop Ay, 05, < nagAs (12)

(m)

%

The EM algorithm estimates z; at iteration m by its conditional mean z
given below:

Lo _ [ [+ exp(=GI¢t™ —exp(BIBU)] 7, ify, =0, (13)
! 0, ify; =1,2,....
Let ¢(™ = ¢, 8™ = 3, then (13) becomes
L _ it exp(=GT¢ —exp(BIp) . ify; =0, (14
"o, ify; =1,2, ...

It is a simple exercise to show that the right hand side of (10) is the same as
that of (4) once (14) is plugged into (10). Hence, the KKT conditions (11)
are the same as (5) once (14) is plugged into (10). These connections offer a
different method (see Wang et al. (2014)) to derive (le,max,j\gymax) such that
éj = O,Bk = 0 hold. We first estimate (y, 5y for an intercept-only ZIP model,
then (14) reduces to

L {u +exp(—Go — exp(Bo)] 1, if i =0,

15
0, ify; = 1,2, ... (15)



Plugging in (15), (5\1,max, ngmax) are computed based on (12). Furthermore,
we have shown that (A max, A2,max) = (jxl,max, j\g’max) holds.

2 Zero-inflated negative binomial regression

Assume response variable Y has a zero-inflated negative binomial distribution,
denote d; +1 and ds + 1-dimensional vectors B; and G, respectively. As before,
the first entry of these vectors is 1. In ZINB regression, assume log(u;) = B] 3
and log(7£-) = G]¢ where ¢ = (Co,C1y---,Cay) and 8 = (Bo, b1, ---, Bay) are
unknown parameters. Here (y and Sy are intercepts. For n independent random
samples, denote ® = ({7, 87,0)T, the log-likelihood function is then given by

¢ (®; 1 i 0
zINB(®;Y) Z og [P )(MJFQ)
INCER) Wi Ry
log | (1 — p; vi
+Z * [( PV @) 10 0 |
where y; = exp(B] ) and p; = %. The derivatives are given by:

i Opi/ B
Olzing(Piy) _ Z ac, ~ dgg(ltz-‘r@ Z op; 1
a¢; gopi+(1- i) (5 55)° = 0G - pi’
0
6 (16)
—(1— p)auwa(’“—w)
ozinB(P;y) _ ) 9Bk m +9 Z 3’&1 Yi  Yi +9)
9B =0 Pi +(1- pi’)(lt +9 950 aﬁk i i+ 07
where
dpi  Gijexp(G]¢)
3¢ (1+exp(GIQ))?
gﬂ = By exp(B]B).
For variable selection, consider a penalized ZINB model:
plzing(®;y) = U(®) — p((, B), (17)

where p((, ) is given by (3). The KKT conditions for an maximizer ® of
plzine(®) can be derived. Therefore, for ¢; =0, 5 = 0, it must be:

’ 0lzing(P;y) 0lzing(®;y)
¢ 0Bk
Denote Aj max and A2 max the smallest values of A\; and Ay, respectivley, such

that fj = 0,83, =0, and (A1, max;> A2,max) can be determined by (16), (18) and
the following quantities:

exp(lo)  Op; Gijexp(¢o) Ou;
= e exp(fo),
B

‘ < naiAi, ’ < nagAg. (18)

pi=a7 exp(Co)’ 9¢;  (1+ eXP(ﬁo))Q,lh




Consider an EM algorithm to optimize (17). Let z; = 1 if y; is from the zero state
and z; = 0 if y; is from the NB state. Since z = (21, ..., 2,)7 is not observable, it
is often treated as missing data. The EM algorithm is particularly attractive to
missing data problems. If complete data (y, z) are available, the complete data
log-likelihood function is given by

n

inp(®9) = Y {(zGT¢ — log(1 + exp(GTQ)) + (1 — 2) log(f(yi; 5. 6))}

i=1
(20)
and the complete data penalized log-likelihood function is given by

Pl ing(®iy, 2 Z{ %G ¢ —log(1 + exp(G]Q)) + (1 — z;) log(f (y:; 8,0)) }

_p(CHB)a
where f(y;;8,0) = F(l;i(i';%i)(e)(Hfﬁra)yi(#iie)g and u; = exp(B]B). Taking

derivatives of (20), we obtain

‘%CZINB(‘I’;C%Z) < { eXP(GTC)Gij }
— 4tINDN T — Zle _ K3 ,
¢ ; 7 14 exp(GIQ) o

%W:i{(l )8ul(z yz+9)}

0Bk 0By pi i+ 0

The KKT conditions of an maximizer ® for £5,55(®;y,2) can be derived.
Therefore, for ¢; = 0, 8, = 0, it must be:

aé%INB(q)Q y)

e B0 < o, [ B < o (22>
The conditional expectation of z; at iteration m is provided by
oN —1
L) _ (1 + exp(—GT¢™) [m} ) » ifyi=0 (23)
0, if y; > 0.

Let (™) = ¢, (™) = B, then (23) becomes

0 —1
ral) 6 . o
2 = <1 + eXP( Gz C) [cxp(B,}ﬁ)+9:| > 5 lf Yi = O (24)
. if y; > 0.

It is simple to show that the right hand side of (21) is the same as that of (16)
once (24) is plugged into (21). Hence, the KKT conditions (22) are the same as
(18) once (24) is plugged into (21). These connections offer a different method
(see Wang et al. (2015)) to derive (3\1,max, Xg’max) such that éj =0, 3 = 0 hold.
We first estimate (o, By for an intercept-only ZINB model, then (24) becomes

o~ -1
- <1 + exp(—Co) {W} ) ity =0 (25)
0, if g > 0.



Plugging in (25), (A1 max, A2,max) are computed based on (22). Furthermore, we
have shown that (A1 max, A2,max) = (Xl,max, S\Q’max) holds.
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