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The markovchain package provides functionality for maximum a posteriori (MAP) estimation of the chain
parameters' by Bayesian inference. It also computes the probability of observing a new data set, given a
(different) data set. This vignette provides the mathematical description for the methods employed by the
package.

Notation and set-up
The data is denoted by D, the model parameters (transition matrix) by 6. The object of interest is P(0|D)

(posterior density). A represents an alphabet class, each of whose members represent a state of the chain.
Therefore

D = sgs1...sny_1,8: € A
where N is the length of the data set. Also,
0 ={p(slu),s € A,u € A}

where » 1 p(slu) =1 for each u € A.

Our objective is to find # which maximises the posterior. That is, if our solution is denoted by 0, then
0 = argmaxzP(0|D)
0

where the search space is the set of right stochastic matrices of dimension |.A|z|A|.

n(u, s) denotes the number of times the word us occurs in D and n(u) = > . 4 n(u, s). The hyperparameters
are similarly denoted by a(u, s) and a(u) respectively.

Method
Given D, its likelihood is given by

P}6) = T ] plshw
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Conjugate priors are used to model the prior P(6). The reasons are two fold

o Exact expressions can be derived for the MAP estimates, expectations and even variances
o Model order selection/comparison can be implemented easily (available in a future release of the
package)

lat the time of writing this document, only first order models are supported



The hyperparameters determine the form of the prior distribution, which is a product of Dirichlet distributions
(a(u))
{Tor jy L ptety 71
e LlseaT(a(u,s)

where I'(.) is the Gamma function. The hyperparameters are specified using the hyperparam argument in
the markovchainFit function. If this argument is not specified, then a default value of 1 is assigned to each
hyperparameter resulting in the prior distribution of each chain parameter to be uniform over [0, 1].

Given the likelihood and the prior as described above, the evidence P(D) is simply given by

P(D) = / P(D|0)P(6)do

which simplifies to

{ (a(u)) HSGAT(H(U’SHQ(%S))}
[lical(alu,s))  Tla(u) +n(u))

Using Bayes’ theorem, the posterior now becomes (thanks to the choice of conjugate priors)

I'(n(u
P(0|D) = H{HseAIE((() +aus Hp |unu8+a7N) }
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P(D) =
ueA

Since this is again a product of Dirichlet distributions, the marginalised distribution of a particular parameter
P(s|u) of our chain is given by

P(s|u) ~ Beta(n(u, s) + a(u, s),n(u) + a(u) — n(u, s) — a(u, s))
Thus, the MAP estimate 0 is given by

5 (nlu,s) +alu,s) —1 . "
Pt ety s A

The function also returns the expected value, given by

Epostp(s|u) = {n(::ES) + a(u, s

)
W) + alw) ,seA,ueA}

The variance is given by
n(u, s) + au, s) n(u) + a(u) — n(u, s) — a(u, s)
(n(u) + a(u))? n(u) + afu) +1

Varpostp(s|u) =
The square root of this quantity is the standard error, which is returned by the function.
The confidence intervals are constructed by computing the inverse of the beta integral.
Predictive distribution

Given the old data set, the probability of observing new data is P(D’|D) where D’ is the new data set. Let
m(u, s),m(u) denote the corresponding counts for the new data. Then,

P(D'|D) = /P(D’\Q)P(6|D)d9

We already know the expressions for both quantities in the integral and it turns out to be similar to evaluating
the evidence

(w))  IlieaT'(n(u,s) +m(u,s) +a(u,s))
PLID) ug‘{ﬂsg [(a(u, s)) I(a(u) + n(u) + m(u)) }



Choosing the hyperparameters

The hyperparameters model the shape of the parameters’ prior distribution. These must be provided
by the user. The package offers functionality to translate a given prior belief transition matrix into the
hyperparameter matrix. It is assumed that this belief matrix corresponds to the mean value of the parameters.
Since the relation

Epriorp(S ‘ U) = ao(;(j;t)s)

holds, the function accepts as input the belief matrix as well as a scaling vector (serves as a proxy for «f(.))
and proceeds to compute a(., e

Alternatively, the function accepts a data sample and infers the hyperparameters from it. Since the mode
of a parameter (with respect to the prior distribution) is proportional to one less than the corresponding
hyperparameter, we set

alu,s) —1=m(u,s)

where m(u, s) is the u— > s transition count in the data sample. This is regarded as a ‘fake count’ which
helps a(u, s) to reflect knowledge of the data sample.

Usage and examples

library (markovchain)
weatherStates <- c("sunny", "cloudy", "rain"
byRow <- TRUE

weatherMatrix <- matrix(data = c(
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byrow = byRow, nrow = 3,
dimnames = list(weatherStates, weatherStates))
mcWeather <- new("markovchain', states = weatherStates,
byrow = byRow, transitionMatrix = weatherMatrix,
name = "Weather")
weathersOfDays <- rmarkovchain(n = 365, object = mcWeather, t0O = "sunny")
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For the purpose of this section, we shall continue to use the weather of days example introduced in the main
vignette of the package (reproduced above for convenience).

Let us invoke the fit function to estimate the MAP parameters with 92% confidence bounds and hyperparam-
eters as shown below, based on the first 200 days of the weather data. Additionally, let us find out what the
probability is of observing the weather data for the next 165 days. The usage would be as follows

hyperMatrix<-matrix(c(1l, 1, 2,
3, 2, 1,
2, 2, 3),

nrow = 3, byrow = TRUE,

dimnames = list(weatherStates,weatherStates))
markovchainFit(weathers0fDays[1:200], method = "map",
confidencelevel = 0.92, hyperparam = hyperMatrix)



## Warning in markovchainFit(weathersOfDays[1:200], method = "map", confidencelevel = 0.92,
## 'estimate' is the MAP set of parameters where as 'expectedValue'
## is the expectation of the parameters with respect to the posterior

## $estimate

## Bayesian Fit

## A 3 - dimensional discrete Markov Chain with following states
## cloudy rain sunny

## The transition matrix  (by rows) is defined as follows

## cloudy rain sunny

## cloudy 0.4032258 0.20967742 0.3870968

## rain  0.3235294 0.35294118 0.3235294

## sunny 0.2162162 0.08108108 0.7027027

##

##

## $expectedValue

## cloudy rain sunny

## cloudy 0.4000000 0.2153846 0.3846154
## rain  0.3243243 0.3513514 0.3243243
## sunny 0.2192982 0.0877193 0.6929825

##
## $standardError
#it (,1] [,2] [,3]

## [1,] 0.06030227 0.05060155 0.05988453
## [2,] 0.07593939 0.07744329 0.07593939
## [3,] 0.03858435 0.02637928 0.04301241
##

## $confidencelnterval

## $confidencelnterval$confidencelLevel

## [1] 0.92

##

## $confidencelnterval$lowerEndpointMatrix
# [,1] [,2] [,3]

## [1,] 0.3110551 0.1200883 0.2949247
## [2,] 0.2063382 0.2354708 0.2063382
## [3,] 0.1486785 0.0000000 0.6313559

##
## $confidencelnterval$upperEndpointMatrix
#H (,1] (,2] (,3]

## [1,] 0.5387736 0.2972187 0.5166880
## [2,] 0.4774736 0.5205029 0.4774736
## [3,] 0.2835314 0.1268428 1.0000000
##

##

## $loglikelihood

## [1] -180.3442

predictiveDistribution(weathersOfDays[1:200],
weathers0fDays [201:365] ,hyperparam = hyperMatrix)

## [1] -155.1963

The results should not change after permuting the dimensions of the matrix.



hyperMatrix2<- hyperMatrix[c(2,3,1), <c(2,3,1)]
markovchainFit(weathers0fDays[1:200], method = "map",
confidencelevel = 0.92, hyperparam = hyperMatrix2)

## Warning in markovchainFit(weathersOfDays[1:200], method = "map", confidencelevel = 0.92,
## 'estimate' is the MAP set of parameters where as 'expectedValue'
## is the expectation of the parameters with respect to the posterior

## $estimate

## Bayesian Fit

## A 3 - dimensional discrete Markov Chain with following states
## cloudy rain sunny

## The transition matrix  (by rows) is defined as follows

## cloudy rain sunny

## cloudy 0.4032258 0.20967742 0.3870968

## rain  0.3235294 0.35294118 0.3235294

## sunny 0.2162162 0.08108108 0.7027027

##

##

## $expectedValue

## cloudy rain sunny

## cloudy 0.4000000 0.2153846 0.3846154
## rain  0.3243243 0.3513514 0.3243243
## sunny 0.2192982 0.0877193 0.6929825

#i#t
## $standardError
## [,1] [,2] [,3]

## [1,] 0.06030227 0.05060155 0.05988453
## [2,] 0.07593939 0.07744329 0.07593939
## [3,] 0.03858435 0.02637928 0.04301241
##

## $confidencelnterval

## $confidencelnterval$confidencelLevel

## [1] 0.92

##

## $confidencelnterval$lowerEndpointMatrix
#it [,1] [,2] [,3]

## [1,] 0.3110551 0.1200883 0.2949247
## [2,] 0.2063382 0.2354708 0.2063382
## [3,] 0.1486785 0.0000000 0.6313559

##
## $confidencelnterval$upperEndpointMatrix
## [,1] [,2] [,3]

## [1,] 0.5387736 0.2972187 0.5166880
## [2,] 0.4774736 0.5205029 0.4774736
## [3,] 0.2835314 0.1268428 1.0000000
##

##

## $loglikelihood

## [1] -180.3442



predictiveDistribution(weathersOfDays[1:200],
weathers0fDays [201:365] ,hyperparam = hyperMatrix2)

## [1] -155.1963

Note that the predictive probability is very small. However, this can be useful when comparing model orders.

Suppose we have an idea of the (prior) transition matrix corresponding to the expected value of the parameters,
and have a data set from which we want to deduce the MAP estimates. We can infer the hyperparameters
from this known transition matrix itself, and use this to obtain our MAP estimates.

inferHyperparam(transMatr = weatherMatrix, scale = c(10, 10, 10))

## $scaledInference

## cloudy rain sunny
## cloudy 4 3 3
## rain 4 4 2
## sunny 2 1 7

Alternatively, we can use a data sample to infer the hyperparameters.

inferHyperparam(data = weathersOfDays[1:15])

## $datalnference

## cloudy sunny
## cloudy 4 3
## sunny 3 8

In order to use the inferred hyperparameter matrices, we do

hyperMatrix3 <- inferHyperparam(transMatr = weatherMatrix, scale = c(10, 10, 10))
hyperMatrix3 <- hyperMatrix3$scaledInference

hyperMatrix4 <- inferHyperparam(data = weathersOfDays[1:15])
hyperMatrix4 <- hyperMatrix4$datalnference

Now we can safely use hyperMatriz3 and hyperMatriz4 with markovchainFit (in the hyperparam argument).

Supposing we don’t provide any hyperparameters, then the prior is uniform. This is the same as maximum
likelihood.

data(preproglucacon, package = "markovchain')

preproglucacon <- preproglucacon[[2]]

MLEest <- markovchainFit(preproglucacon, method = "mle")
MAPest <- markovchainFit(preproglucacon, method = "map")

## Warning in markovchainFit(preproglucacon, method = "map"):

## 'estimate' is the MAP set of parameters where as 'expectedValue'
## is the expectation of the parameters with respect to the posterior



MLEest$estimate

## MLE Fit

## A 4 - dimensional discrete Markov Chain with following states
## ACGT

## The transition matrix  (by rows) is defined as follows

#i# A C G T

## A 0.3585271 0.1434109 0.16666667 0.3313953

## C 0.3840304 0.1558935 0.02281369 0.4372624

## G 0.3053097 0.1991150 0.15044248 0.3451327

## T 0.2844523 0.1819788 0.17667845 0.3568905

MAPest$estimate

## Bayesian Fit

## A 4 - dimensional discrete Markov Chain with following states
# ACGT

## The transition matrix  (by rows) is defined as follows

## A C G T

## A 0.3585271 0.1434109 0.16666667 0.3313953
## C 0.3840304 0.1558935 0.02281369 0.4372624
## G 0.3053097 0.1991150 0.15044248 0.3451327
## T 0.2844523 0.1819788 0.17667845 0.3568905
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