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✶ ■♥tr♦❞✉❝t✐♦♥

❘❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦rs ❛r❡ ❝r✐t✐❝❛❧❧② ✐♠♣♦rt❛♥t ❢♦r ❝♦♠♣✉t❛t✐♦♥❛❧ st❛t✐st✐❝s✳ ❙✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞s ❛r❡
❜❡❝♦♠✐♥❣ ❡✈❡r ♠♦r❡ ❝♦♠♠♦♥ ❢♦r ❡st✐♠❛t✐♦♥❀ ▼♦♥t❡ ❈❛r❧♦ ▼❛r❦♦✈ ❈❤❛✐♥ ✐s ❜✉t ♦♥❡ ❛♣♣r♦❛❝❤✳ ❆❧s♦✱ s✐♠✉✲
❧❛t✐♦♥ ♠❡t❤♦❞s s✉❝❤ ❛s t❤❡ ❇♦♦tstr❛♣ ❤❛✈❡ ❧♦♥❣ ❜❡❡♥ ✉s❡❞ ✐♥ ✐♥❢❡r❡♥❝❡ ❛♥❞ ❛r❡ ❜❡❝♦♠✐♥❣ ❛ st❛♥❞❛r❞ ♣❛rt ♦❢
❛ r✐❣♦r♦✉s ❛♥❛❧②s✐s✳ ❆s r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦rs ❛r❡ ❛t t❤❡ ❤❡❛rt ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✲❜❛s❡❞ ♠❡t❤♦❞s ✉s❡❞
t❤r♦✉❣❤♦✉t st❛t✐st✐❝❛❧ ❝♦♠♣✉t✐♥❣✱ ❵❣♦♦❞✬ r❛♥❞♦♠ ♥✉♠❜❡rs ❛r❡ t❤❡r❡❢♦r❡ ❛ ❝r✉❝✐❛❧ ❛s♣❡❝t ♦❢ ❛ st❛t✐st✐❝❛❧✱ ♦r
q✉❛♥t✐t❛t✐✈❡✱ ❝♦♠♣✉t✐♥❣ ❡♥✈✐r♦♥♠❡♥t✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ ✈❡r② ❢❡✇ t♦♦❧s t❤❛t ❛❧❧♦✇ ✉s t♦ s❡♣❛r❛t❡ ❵❣♦♦❞✬
❢r♦♠ ❵❜❛❞✬ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦rs✳

❇❛s❡❞ ♦♥ ✇♦r❦ t❤❛t st❛rt❡❞ ✇✐t❤ t❤❡ r❛♥❞♦♠ ♣❛❝❦❛❣❡ ✭❊❞❞❡❧❜✉❡tt❡❧✱ ✷✵✵✼✮ ✭✇❤✐❝❤ ♣r♦✈✐❞❡s ❢✉♥❝t✐♦♥s t❤❛t
❛❝❝❡ss ❛ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r ✭◆❉❘◆●✮ ❜❛s❡❞ ♦♥ ❛ ♣❤②s✐❝❛❧ s♦✉r❝❡ ♦❢ r❛♥❞♦♠♥❡ss✮✱
✇❡ ✇❛♥t❡❞ t♦ ❝♦♠♣❛r❡ t❤❡ ♣❛rt✐❝✉❧❛r ◆❉❘◆● t♦ t❤❡ ❘◆●s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ●◆❯ ❘ ✭❘ ❉❡✈❡❧♦♣♠❡♥t ❈♦r❡
❚❡❛♠✱ ✷✵✵✼✮ ✐ts❡❧❢✱ ❛s ✇❡❧❧ ❛s t♦ s❡✈❡r❛❧ ❘◆●s ❢r♦♠ t❤❡ ●◆❯ ●❙▲ ✭●❛❧❛ss✐ ❡t ❛❧✳✱ ✷✵✵✼✮✱ ❛ ❣❡♥❡r❛❧✲♣✉r♣♦s❡
s❝✐❡♥t✐✜❝ ❝♦♠♣✉t✐♥❣ ❧✐❜r❛r②✳ ❙✉❝❤ ❛ ❝♦♠♣❛r✐s♦♥ ✐s ♣♦ss✐❜❧❡ ✇✐t❤ t❤❡ ❉✐❡❍❛r❞❡r t❡st s✉✐t❡ ❜② ❇r♦✇♥ ✭✷✵✵✼✮
✇❤✐❝❤ ❡①t❡♥❞s t❤❡ ❉✐❡❍❛r❞ t❡st s✉✐t❡ ❜② ▼❛rs❛❣❧✐❛✳ ❋r♦♠ t❤✐s ✇♦r❦✱ ✇❡ ❜❡❝❛♠❡ ✐♥t❡r❡st❡❞ ✐♥ ♠❛❦✐♥❣
❉✐❡❍❛r❞❡r ❞✐r❡❝t❧② ❛❝❝❡ss✐❜❧❡ ❢r♦♠ ●◆❯ ❘✳ ❚❤❡ ❘❉✐❡❍❛r❞❡r ♣❛❝❦❛❣❡ ♣r❡s❡♥t❡❞ ❤❡r❡ ❛❧❧♦✇s s✉❝❤ ❛❝❝❡ss✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ❞❡s❝r✐❜❡s t❤❡ ❤✐st♦r② ❛♥❞ ❞❡s✐❣♥ ♦❢ t❤❡ ❉✐❡❍❛r❞❡r s✉✐t❡✳
❙❡❝t✐♦♥ ✸ ❞❡s❝r✐❜❡s t❤❡ ❘❉✐❡❍❛r❞❡r ♣❛❝❦❛❣❡ ❢❛❝✐❧✐t✐❡s✱ ❛♥❞ s❡❝t✐♦♥ ✹ s❤♦✇s s♦♠❡ ❡①❛♠♣❧❡s✳ ❙❡❝t✐♦♥ ✺ ❞✐s❝✉ss❡s
❝✉rr❡♥t ❧✐♠✐t❛t✐♦♥s ❛♥❞ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s ❜❡❢♦r❡ s❡❝t✐♦♥ ✻ ❝♦♥❝❧✉❞❡s✳

✷ ❉✐❡❍❛r❞❡r

❉✐❡❍❛r❞❡r ✐s ❞❡s❝r✐❜❡❞ ❛t ❧❡♥❣t❤ ✐♥ ❇r♦✇♥ ✭✷✵✵✻✮✳ ❉✉❡ t♦ s♣❛❝❡ ❧✐♠✐t❛t✐♦♥s✱ t❤✐s s❡❝t✐♦♥ ❝❛♥♥♦t ♣r♦✈✐❞❡ ❛s
♠✉❝❤ ❞❡t❛✐❧ ❛♥❞ ✇✐❧❧ ❝♦✈❡r ♦♥❧② ❛ ❢❡✇ ❦❡② ❛s♣❡❝ts ♦❢ t❤❡ ❉✐❡❍❛r❞❡r s✉✐t❡✳

✷✳✶ ❉✐❡❍❛r❞

❉✐❡❍❛r❞❡r r❡✐♠♣❧❡♠❡♥ts ❛♥❞ ❡①t❡♥❞s ●❡♦r❣❡ ▼❛rs❛❣❧✐❛✬s❉✐❡❤❛r❞ ❇❛tt❡r② ♦❢ ❚❡sts ♦❢ ❘❛♥❞♦♠♥❡ss ✭▼❛rs❛❣❧✐❛✱
✶✾✾✻✮✳ ❉✉❡ t♦ ❜♦t❤ ✐ts r♦❜✉st ♣❡r❢♦r♠❛♥❝❡ ♦✈❡r ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ❘◆●s✱ ❛s ✇❡❧❧ ❛s ❛♥ ❛❜✐❧✐t② t♦ ❞✐s❝❡r♥
♥✉♠❡r♦✉s ❘◆●s ❛s ✇❡❛❦✱ ❉✐❡❍❛r❞ ❤❛s ❜❡❝♦♠❡ s♦♠❡t❤✐♥❣ ❝❧♦s❡ t♦ ❛ ❵❣♦❧❞ st❛♥❞❛r❞✬ ❢♦r ❛ss❡ss✐♥❣ ❘◆●s✳

❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ ❛ ♥✉♠❜❡r ♦❢ ❞r❛✇❜❛❝❦s ✇✐t❤ t❤❡ ❡①✐st✐♥❣ ❉✐❡❍❛r❞ t❡st ❜❛tt❡r② ❝♦❞❡ ❛♥❞ ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥✳ ❋✐rst✱ ▼❛rs❛❣❧✐❛ ✉♥❞❡rt♦♦❦ ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✇♦r❦ ❛ ♥✉♠❜❡r ♦❢ ②❡❛rs ❛❣♦ ✇❤❡♥ ❝♦♠♣✉t✐♥❣
r❡s♦✉r❝❡s ✇❡r❡✱ ❝♦♠♣❛r❡❞ t♦ t♦❞❛②✬s st❛♥❞❛r❞s✱ ♠♦❞❡r❛t❡❧② ❧✐♠✐t❡❞✳ ❙❡❝♦♥❞✱ ♥❡✐t❤❡r t❤❡ ❋♦rtr❛♥ ♥♦r t❤❡
✭tr❛♥s❧❛t❡❞✮ ❈ s♦✉r❝❡s ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✇❡❧❧ ❞♦❝✉♠❡♥t❡❞✱ ♦r ❝♦♠♠❡♥t❡❞✳ ❚❤✐r❞✱ t❤❡ ❧✐❜r❛r② ❞❡s✐❣♥ ✐s ♥♦t
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♠♦❞✉❧❛r ✐♥ ❛ ✇❛② t❤❛t ❡♥❝♦✉r❛❣❡s ❣♦♦❞ s♦❢t✇❛r❡ ❡♥❣✐♥❡❡r✐♥❣✳ ❋♦✉rt❤✱ ❛♥❞ ❧❛st ❜✉t ♥♦t ❧❡❛st✱ ♥♦ ❧✐❝❡♥s✐♥❣
st❛t❡♠❡♥t ✐s ♣r♦✈✐❞❡❞ ✇✐t❤ t❤❡ s♦✉r❝❡s ♦r ♦♥ t❤❡ s✉♣♣♦rt ✇❡❜s✐t❡✳

❚❤✐s ❧❡❞ ♦♥❡ ♦❢ t❤❡ ❛✉t❤♦rs ♦❢ t❤✐s ♣❛♣❡r ✭r❣❜✮ t♦ ❛ ♠✉❧t✐✲②❡❛r ❡✛♦rt ♦❢ r❡✇r✐t✐♥❣ t❤❡ ❡①✐st✐♥❣ t❡sts ❢r♦♠
❉✐❡❍❛r❞ ✐♥ ❛✮ st❛♥❞❛r❞ ❈ ✐♥ ❛ ♠♦❞✉❧❛r ❛♥❞ ❡①t❡♥s✐❜❧❡ ❢♦r♠❛t✱ ❛❧♦♥❣ ✇✐t❤ ❡①t❡♥s✐✈❡ ❝♦♠♠❡♥ts✱ ❛♥❞ t♦ ❜✮
r❡❧✐❝❡♥s❡ ✐t ✉♥❞❡r t❤❡ ❝♦♠♠♦♥ ❛♥❞ ✉♥❞❡rst♦♦❞ ●◆❯ ●P▲ ❧✐❝❡♥s❡ ✭t❤❛t ✐s ❛❧s♦ ✉s❡❞ ❢♦r ●❙▲✱ ❘✱ t❤❡ ▲✐♥✉①
❦❡r♥❡❧✱ ❛♥❞ ♥✉♠❡r♦✉s ♦t❤❡r ♣r♦❥❡❝ts✮ ❛❧❧♦✇✐♥❣ ❢♦r ✇✐❞❡r ✉s❡✳ ▼♦r❡♦✈❡r✱ ♥❡✇ t❡sts ❢r♦♠ ◆■❙❚ ✇❡r❡ ❛❞❞❡❞
✭s❡❡ ♥❡①t s✉❜s❡❝t✐♦♥✮ ❛♥❞ s♦♠❡ ❣❡♥✉✐♥❡❧② ♥❡✇ t❡sts ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ✭s❡❡ ❜❡❧♦✇✮✳

✷✳✷ ❙❚❙

❚❤❡ ◆❛t✐♦♥❛❧ ■♥st✐t✉t❡ ♦❢ ❙t❛♥❞❛r❞s ❛♥❞ ❚❡❝❤♥♦❧♦❣② ✭◆■❙❚✮ ❤❛s ❞❡✈❡❧♦♣❡❞ ✐ts ♦✇♥ t❡st s✉✐t❡✱ t❤❡ ✬❙t❛t✐st✐❝❛❧
❚❡st ❙✉✐t❡✬ ✭❙❚❙✮✳ ❚❤❡s❡ t❡sts ❛r❡ ❢♦❝✉ss❡❞ ♦♥ ❜✐t✲❧❡✈❡❧ t❡sts ♦❢ r❛♥❞♦♠♥❡ss ❛♥❞ ❜✐t s❡q✉❡♥❝❡s✳

❈✉rr❡♥t❧②✱ t❤r❡❡ t❡sts ❜❛s❡❞ ♦♥ t❤❡ ❙❚❙ s✉✐t❡ ❛r❡ ♣r♦✈✐❞❡❞ ❜② ❉✐❡❍❛r❞❡r✿ ❙❚❙ ▼♦♥♦❜✐t✱ ❙❚❙ ❘✉♥s ❛♥❞
❙❚❙ ❇❧♦❝❦✳

✷✳✸ ❘●❇ ❡①t❡♥s✐♦♥s

❚❤r❡❡ ♥❡✇ t❡sts ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜② r❣❜✳ ❆ ❢♦✉rt❤ ✬t❡st✬ ✐s ❛ t✐♠✐♥❣ ❢✉♥❝t✐♦♥✿ ❢♦r ♠❛♥② ❝♦♥t❡①ts✱ ♥♦t
♦♥❧② ❞♦ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❣❡♥❡r❛t♦r ♠❛tt❡r✱ ❜✉t s♦ ❞♦❡s ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♠❡❛s✉r❡❞ ✐♥
❝♦♠♣✉t✐♥❣ t✐♠❡ t❤❛t ✐s r❡q✉✐r❡❞ ❢♦r ❛ ♥✉♠❜❡r ♦❢ ❞r❛✇s✳

✷✳✹ ❇❛s✐❝ ♠❡t❤♦❞♦❧♦❣②

▲❡t ✉s s✉♣♣♦s❡ ❛ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r ❝❛♥ ♣r♦✈✐❞❡s ❛ s❡q✉❡♥❝❡ ♦❢ N ✉♥✐❢♦r♠ ❞r❛✇s ❢r♦♠ t❤❡ r❛♥❣❡
[0, 1)✳ ❆s t❤❡ ♥✉♠❜❡r ♦❢ ❞r❛✇s ✐♥❝r❡❛s❡s✱ t❤❡ ♠❡❛♥ ♦❢ t❤❡ s✉♠ ♦❢ ❛❧❧ t❤❡s❡ ✈❛❧✉❡s s❤♦✉❧❞✱ ✉♥❞❡r t❤❡ ♥✉❧❧
❤②♣♦t❤❡s✐s ♦❢ ❛ ♣r♦♣❡r ❣❡♥❡r❛t♦r✱ ❝♦♥✈❡r❣❡ ❝❧♦s❡r ❛♥❞ ❝❧♦s❡r t♦ µ = N/2✳ ❊❛❝❤ ♦❢ t❤❡s❡ N ❞r❛✇s ❢♦r♠s
♦♥❡ ❡①♣❡r✐♠❡♥t✳ ■❢ N ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ t❤❡♥ t❤❡ ♠❡❛♥s ♦❢ ❛❧❧ ❡①♣❡r✐♠❡♥ts s❤♦✉❧❞ ❜❡ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞
✇✐t❤ ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ σ =

√

N/12✳✶ ●✐✈❡♥ t❤✐s ❛s②♠♣t♦t✐❝ r❡s✉❧t✱ ✇❡ ❝❛♥✱ ❢♦r ❛♥② ❣✐✈❡♥ ❡①♣❡r✐♠❡♥t
i ∈ 1, . . . ,M tr❛♥s❢♦r♠ t❤❡ ❣✐✈❡♥ s✉♠ xi ♦❢ N ❞r❛✇s ✐♥t♦ ❛ ♣r♦❜❛❜✐❧✐t② ✈❛❧✉❡ pi ✉s✐♥❣ t❤❡ ✐♥✈❡rs❡ ♥♦r♠❛❧
❞✐str✐❜✉t✐♦♥✳✷

❚❤❡ ❦❡② ✐♥s✐❣❤t ✐s t❤❛t✱ ✉♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ ❛ ♣❡r❢❡❝t ❣❡♥❡r❛t♦r✱ t❤❡s❡ pi ✈❛❧✉❡s s❤♦✉❧❞ ❜❡ ✉♥✐✲
❢♦r♠❧② ❞✐str✐❜✉t❡❞✳ ❯s✐♥❣ ♦✉r s❡t ♦❢ M ♣r♦❜❛❜✐❧✐t② ✈❛❧✉❡s✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ♦♥❡ ✬♠❡t❛✲t❡st✬ ♦❢ ✇❤❡t❤❡r ✇❡ ❝❛♥
r❡❥❡❝t t❤❡ ♥✉❧❧ ♦❢ ❛ ♣❡r❢❡❝t ❣❡♥❡r❛t♦r ❜② r❡❥❡❝t✐♥❣ t❤❛t ♦✉r M ♣r♦❜❛❜✐❧✐t② ✈❛❧✉❡s ❛r❡ ♥♦t ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞✳
❖♥❡ s✉✐t❛❜❧❡ t❡st ✐s ❢♦r ❡①❛♠♣❧❡ t❤❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈ ✭❑❙✮✸ st❛t✐st✐❝✳ ❉✐❡❍❛r❞❡r ✉s❡s
t❤❡ ❑✉✐♣❡r✹ ✈❛r✐❛♥t ♦❢ t❤❡ ❑❙ t❡st ✇❤✐❝❤ ✉s❡s t❤❡ ❝♦♠❜✐♥❛t✐♦♥ D+ + D

−
♦❢ t❤❡ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠

❞✐st❛♥❝❡ t♦ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❞✐str✐❜✉t✐♦♥✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ❥✉st ♦♥❡ ♦❢ t❤❡s❡ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❑❙ t❡st✳ ❚❤✐s
r❡♥❞❡rs t❤❡ t❡st ♠♦r❡ s❡♥s✐t✐✈❡ ❛❝r♦ss t❤❡ ❡♥t✐r❡ t❡st r❡❣✐♦♥✳

✷✳✺ ●❙▲ ❢r❛♠❡✇♦r❦

❉✐❡❍❛r❞❡r ✐s ♣r✐♠❛r✐❧② ❢♦❝✉ss❡❞ ♦♥ t❡sts ❢♦r ❘◆●s✳ ❘❡✲✐♠♣❧❡♠❡♥t✐♥❣ ❘◆●s ✐♥ ♦r❞❡r t♦ s✉♣♣❧② ✐♥♣✉t t♦ t❤❡
t❡sts ✐s t❤❡r❡❢♦r❡ ♥♦t ❛♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ❧✐❜r❛r②✳ ❚❤❡ ●◆❯ ❙❝✐❡♥t✐✜❝ ▲✐❜r❛r② ✭●❙▲✮✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
♣r♦✈✐❞❡s ♦✈❡r ✶✵✵✵ ♠❛t❤❡♠❛t✐❝❛❧ ❢✉♥❝t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦rs✳ ❯s✐♥❣
t❤❡ ●❙▲ ✶✳✾✳✵ r❡❧❡❛s❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛t♦rs ❛r❡ ❞❡✜♥❡❞✺✿

✶❚❤✐s ✐s ❦♥♦✇♥ ❛s t❤❡ ■r✇✐♥✲❍❛❧❧ ❞✐str✐❜✉t✐♦♥✱ s❡❡ ❤tt♣✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴■r✇✐♥✲❍❛❧❧❴❞✐str✐❜✉t✐♦♥✳
✷❘✉♥♥✐♥❣ ♣r✐♥t✭q✉❛♥t✐❧❡✭♣♥♦r♠✭r❡♣❧✐❝❛t❡✭▼✱✭s✉♠✭r✉♥✐❢✭◆✮✮✲◆✴✷✮✴sqrt✭◆✴✶✷✮✮✮✱ s❡q✭✵✱✶✱❜②❂✵✳✶✮✮✯✶✵✵✱ ❞✐❣✐ts❂✷✮

♣❡r❢♦r♠s ❛ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥ ♦❢ M ❡①♣❡r✐♠❡♥ts ✉s✐♥❣ N ✉♥✐❢♦r♠ ❞❡✈✐❛t❡s t♦ ✐❧❧✉str❛t❡ t❤✐s✳ ❙✉✐t❛❜❧❡ ✈❛❧✉❡s ❛r❡ ❡✳❣✳

◆ ❁✲ ✶✵✵✵❀ ▼ ❁✲ ✺✵✵✳
✸❈✳❢✳ t❤❡ ❲✐❦✐♣❡❞✐❛ ❡♥tr② ❤tt♣✿✴✴✇✇✇✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈❴t❡st✳
✹❈✳❢✳ t❤❡ ❲✐❦✐♣❡❞✐❛ ❡♥tr② ❤tt♣✿✴✴✇✇✇✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴❑✉✐♣❡r✪✷✼s❴t❡st✳
✺❚❤✐s ✐s ❜❛s❡❞ ♦♥ t❤❡ tr❛✐❧✐♥❣ t❡r♠ ✐♥ ❡❛❝❤ ✐❞❡♥t✐✜❡r ❞❡✜♥❡❞ ✐♥ ✴✉sr✴✐♥❝❧✉❞❡✴❣s❧✴❣s❧❴r♥❣✳❤✳

✷

http://en.wikipedia.org/wiki/Irwin-Hall_distribution
http://www.wikipedia.org/wiki/Kolmogorov-Smirnov_test
http://www.wikipedia.org/wiki/Kuiper%27s_test


❜♦r♦s❤✶✸ ❝♦✈❡②♦✉ ❝♠r❣ ❢✐s❤♠❛♥✶✽ ❢✐s❤♠❛♥✷✵ ❢✐s❤♠❛♥✷① ❣❢sr✹ ❦♥✉t❤r❛♥ ❦♥✉t❤r❛♥✷ ❦♥✉t❤r❛♥✷✵✵✷

❧❡❝✉②❡r✷✶ ♠✐♥st❞ ♠r❣ ♠t✶✾✾✸✼ ♠t✶✾✾✸✼❴✶✾✾✾ ♠t✶✾✾✸✼❴✶✾✾✽ r✷✺✵ r❛♥✵ r❛♥✶ r❛♥✷ r❛♥✸ r❛♥❞ r❛♥❞✹✽

r❛♥❞♦♠✶✷✽❴❜s❞ r❛♥❞♦♠✶✷✽❴❣❧✐❜❝✷ r❛♥❞♦♠✶✷✽❴❧✐❜❝✺ r❛♥❞♦♠✷✺✻❴❜s❞ r❛♥❞♦♠✷✺✻❴❣❧✐❜❝✷ r❛♥❞♦♠✷✺✻❴❧✐❜❝✺

r❛♥❞♦♠✸✷❴❜s❞ r❛♥❞♦♠✸✷❴❣❧✐❜❝✷ r❛♥❞♦♠✸✷❴❧✐❜❝✺ r❛♥❞♦♠✻✹❴❜s❞ r❛♥❞♦♠✻✹❴❣❧✐❜❝✷ r❛♥❞♦♠✻✹❴❧✐❜❝✺ r❛♥❞♦♠✽❴❜s❞

r❛♥❞♦♠✽❴❣❧✐❜❝✷ r❛♥❞♦♠✽❴❧✐❜❝✺ r❛♥❞♦♠❴❜s❞ r❛♥❞♦♠❴❣❧✐❜❝✷ r❛♥❞♦♠❴❧✐❜❝✺ r❛♥❞✉ r❛♥❢ r❛♥❧✉① r❛♥❧✉①✸✽✾

r❛♥❧①❞✶ r❛♥❧①❞✷ r❛♥❧①s✵ r❛♥❧①s✶ r❛♥❧①s✷ r❛♥♠❛r s❧❛t❡❝ t❛✉s t❛✉s✷ t❛✉s✶✶✸ tr❛♥s♣✉t❡r tt✽✵✵

✉♥✐ ✉♥✐✸✷ ✈❛① ✇❛t❡r♠❛♥✶✹ ③✉❢

❚❤❡ ●◆❯ ●❙▲✱ ❛ ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ r❡❛❞✐❧② ❛✈❛✐❧❛❜❧❡ ❧✐❜r❛r② ♦❢ ❤✐❣❤ q✉❛❧✐t②✱ t❤❡r❡❢♦r❡ ♣r♦✈✐❞❡s ❛ ♥❛t✉r❛❧ ✜t
❢♦r ❉✐❡❍❛r❞❡r✳ ❆❧❧ ♦❢ t❤❡s❡ ❣❡♥❡r❛t♦rs ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❉✐❡❍❛r❞❡r ✈✐❛ ❛ st❛♥❞❛r❞✐③❡❞ ✐♥t❡r❢❛❝❡ ✐♥ ✇❤✐❝❤ ❛
❣❡♥❡r❛t♦r ✐s s❡❧❡❝t❡❞✱ ♣❛r❛♠❡t❡r✐③❡❞ ❛s ♥❡❡❞❡❞ ❛♥❞ t❤❡ ❝❛❧❧❡❞ ✈✐❛ t❤❡ ❡①t❡r♥❛❧ ●❙▲ ❧✐❜r❛r② ❛❣❛✐♥st ✇❤✐❝❤
❉✐❡❍❛r❞❡r ✐s ❧✐♥❦❡❞✳

❇❡②♦♥❞ t❤❡s❡ ●❙▲ ❣❡♥❡r❛t♦rs✱ ❉✐❡❍❛r❞❡r ❛❧s♦ ♣r♦✈✐❞❡s t✇♦ ❣❡♥❡r❛t♦rs ❜❛s❡❞ ♦♥ t❤❡ ❵❞❡✈✐❝❡s✬ ✴❞❡✈✴r❛♥❞♦♠
❛♥❞ ✴❞❡✈✴✉r❛♥❞♦♠ t❤❛t ❛r❡ ❝♦♠♠♦♥❧② ❛✈❛✐❧❛❜❧❡ ♦♥ ❯♥✐①✳ ❚❤❡② ♣r♦✈✐❞❡ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ r❛♥❞♦♠✲♥✉♠❜❡rs
❜❛s❡❞ ♦♥ ❡♥tr♦♣② ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♦♣❡r❛t✐♥❣ s②st❡♠✳ ❉✐❡❍❛r❞❡r ❛❧s♦ ♦✛❡rs ❛ t❡①t ❛♥❞ ❛ r❛✇ ✜❧❡ ✐♥♣✉t
❣❡♥❡r❛t♦rs✳ ▲❛st❧②✱ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠✐❝ ❣❡♥❡r❛t♦r ♥❛♠❡❞ ✬❝❛✬ t❤❛t ✐s ❜❛s❡❞ ♦♥ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ❤❛s r❡❝❡♥t❧②
❜❡❡♥ ❛❞❞❡❞ ❛s ✇❡❧❧✳

✷✳✻ ❘ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦rs

❚♦ ❛ss❡ss t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❘◆● ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ●◆❯ ❘ ❛❞❞✲♦♥ ♣❛❝❦❛❣❡ r❛♥❞♦♠✱ ❜❡♥❝❤✲
♠❛r❦ ❝♦♠♣❛r✐s♦♥s ✇✐t❤ t❤❡ ❣❡♥❡r❛t♦rs ♣r♦✈✐❞❡❞ ❜② t❤❡ ❘ ❧❛♥❣✉❛❣❡ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t ❤❛✈❡ ❜❡❡♥ ❛ ♥❛t✉r❛❧
❝❤♦✐❝❡✳ ❚♦ t❤✐s ❡♥❞✱ ♦♥❡ ♦❢ t❤❡ ❛✉t❤♦rs ✭❡❞❞✮ ♣♦rt❡❞ t❤❡ ❘ ❣❡♥❡r❛t♦r ❝♦❞❡ ✭t❛❦❡♥ ❢r♦♠ ❘ ✷✳✹✳✵✮ t♦ t❤❡
●◆❯ ●❙▲ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r ❢r❛♠❡✇♦r❦ ✉s❡❞ ❜② ❉✐❡❍❛r❞❡r✳ ❚❤✐s ❛❧❧♦✇s ❛ ❞✐r❡❝t ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡
r❛♥❞♦♠ ❣❡♥❡r❛t♦r ✇✐t❤ t❤♦s❡ ✐t ❝♦♠♣❧❡♠❡♥ts ✐♥ ❘✳

■t t❤❡♥ ❢♦❧❧♦✇s s♦♠❡✇❤❛t ♥❛t✉r❛❧❧② t❤❛t t❤❡ ♦t❤❡r ❣❡♥❡r❛t♦rs ❛✈❛✐❧❛❜❧❡ ✐♥ ❉✐❡❍❛r❞❡r✱ ❛s ✇❡❧❧ ❛s t❤❡
❉✐❡❍❛r❞❡r t❡sts✱ s❤♦✉❧❞ ❛❧s♦ ❜❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❘✳ ❚❤✐s ♣r♦✈✐❞❡❞ t❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤❡ ❘ ♣❛❝❦❛❣❡ ♣r❡s❡♥t❡❞
❤❡r❡✳

✷✳✼ ❙♦✉r❝❡ ❝♦❞❡ ❛♥❞ ❜✉✐❧❞✐♥❣ ❉✐❡❍❛r❞❡r

❘❡❝❡♥t ✈❡rs✐♦♥s ♦❢ ❉✐❡❍❛r❞❡r ✉s❡ t❤❡ ●◆❯ ❛✉t♦t♦♦❧s✳ ❖♥ ❯♥✐① s②st❡♠✱ t❤❡ st❡♣s r❡q✉✐r❡❞ t♦ ❜✉✐❧❞ ❛♥❞
✐♥st❛❧❧ ❉✐❡❍❛r❞❡r s❤♦✉❧❞ ♦♥❧② ❜❡ t❤❡ ❢❛♠✐❧✐❛r st❡♣s ❝♦♥❢✐❣✉r❡❀ ♠❛❦❡❀ s✉❞♦ ♠❛❦❡ ✐♥st❛❧❧✳

❋♦r ❉❡❜✐❛♥✱ ✐♥✐t✐❛❧ ♣❛❝❦❛❣❡s ❤❛✈❡ ❜❡❡♥ ♣r♦✈✐❞❡❞ ❛♥❞ ❛r❡ ❝✉rr❡♥t❧② ❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴❞✐r❦✳❡❞❞❡❧❜✉❡tt❡❧✳
❝♦♠✴❝♦❞❡✴t♠♣✳ ❲✐t❤✐♥ ❞✉❡ ❝♦✉rs❡✱ t❤❡s❡ ♣❛❝❦❛❣❡s s❤♦✉❧❞ ❜❡ ✉♣❧♦❛❞❡❞ t♦ ❉❡❜✐❛♥✱ ❛♥❞ t❤✉s ❜❡❝♦♠❡ ♣❛rt ♦❢
t❤❡ ♥❡①t ❉❡❜✐❛♥ ✭❛♥❞ ❯❜✉♥t✉✮ r❡❧❡❛s❡s✳ ❉✐❡❍❛r❞❡r ✐s ❛❧s♦ ❡①♣❡❝t❡❞ t♦ ❜❡ ♣❛rt ♦❢ ❢✉t✉r❡ ❋❡❞♦r❛ ❈♦r❡ ✭❛♥❞
♦t❤❡r ❘P▼✲❜❛s❡❞ ❞✐str✐❜✉t✐♦♥✮ r❡❧❡❛s❡s✳

❖♥ ❲✐♥❞♦✇s ❝♦♠♣✉t❡rs ❛♥❞ ♦t❤❡r s②st❡♠s✱ ♠❛♥✉❛❧ ❜✉✐❧❞s s❤♦✉❧❞ ❛❧s♦ ❜❡ ♣♦ss✐❜❧❡ ❣✐✈❡♥ t❤❛t t❤❡ s♦✉r❝❡
❝♦❞❡ ✐s ✇r✐tt❡♥ ✐♥ st❛♥❞❛r❞ ❈✳

✸ ❘❉✐❡❍❛r❞❡r

❚❤❡ ❘❉✐❡❍❛r❞❡r ♣❛❝❦❛❣❡ ♣r♦✈✐❞❡s ♦♥❡ ❦❡② ❢✉♥❝t✐♦♥✿ ❞✐❡❤❛r❞❡r✳ ■t ❝❛♥ ❜❡ ❝❛❧❧❡❞ ✇✐t❤ s❡✈❡r❛❧ ❛r❣✉♠❡♥ts✳
❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ♥❛♠❡ ♦❢ t❤❡ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ ♥❛♠❡ ♦❢ t❤❡ t❡st t♦ ❜❡
❛♣♣❧✐❡❞✳ ❋♦r ❜♦t❤ ♦♣t✐♦♥s✱ t❤❡ t❡①t✉❛❧ ❛r❣✉♠❡♥ts ❛r❡ ♠❛t❝❤❡❞ ❛❣❛✐♥st ✐♥t❡r♥❛❧ ✈❡❝t♦rs t♦ ♦❜t❛✐♥ ❛ ♥✉♠❡r✐❝
❛r❣✉♠❡♥t ✐♥❞❡①❀ ❛❧t❡r♥❛t✐✈❡❧② t❤❡ ✐♥❞❡① ❝♦✉❧❞ ❜❡ s✉♣♣❧✐❡❞ ❞✐r❡❝t❧②✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❛r❣✉♠❡♥ts ✭❝✉rr❡♥t❧②✮
♣❡r♠✐t t♦ s❡t t❤❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡s ✭✐✳❡✳ t❤❡ ♥✉♠❜❡r ♦❢ ❡①♣❡r✐♠❡♥ts r✉♥✱ ❛♥❞ t❤✉s t❤❡ s❛♠♣❧❡ s✐③❡ ❢♦r t❤❡
✜♥❛❧ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈ t❡st✮✱ t❤❡ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r s❡❡❞ ❛♥❞ ✇❤❡t❤❡r ♦r ♥♦t ✈❡r❜♦s❡ ♦♣❡r❛t✐♦♥
✐s ❞❡s✐r❡❞✳

❚❤❡ r❡t✉r♥❡❞ ♦❜❥❡❝t ✐s ♦❢ ❝❧❛ss ❞✐❡❤❛r❞❡r✱ ✐♥❤❡r✐t✐♥❣ ❢r♦♠ t❤❡ st❛♥❞❛r❞ ❝❧❛ss ❤t❡st ❝♦♠♠♦♥ ❢♦r ❛❧❧
❤②♣♦t❤❡s✐s t❡sts✳ ❚❤❡ st❛♥❞❛r❞ ♣r✐♥t ♠❡t❤♦❞ ❢♦r ❤t❡st ✐s ✉s❡❞❀ ❤♦✇❡✈❡r ♥♦t ❛❧❧ ♣♦ss✐❜❧❡ s❧♦ts ❛r❡ ❜❡✐♥❣ ✜❧❧❡❞
✭❛s t❤❡r❡ ✐s ❢♦r ❡①❛♠♣❧❡ ♥♦ ❝❤♦✐❝❡ ♦❢ ❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s✐s✮✳

✸

http://dirk.eddelbuettel.com/code/tmp
http://dirk.eddelbuettel.com/code/tmp


❆ ❝✉st♦♠ s✉♠♠❛r② ♠❡t❤♦❞ ✐s ♣r♦✈✐❞❡❞ t❤❛t ❛❧s♦ ❝♦♠♣✉t❡s t❤❡ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈ ❛♥❞ ❲✐❧❝♦①♦♥ t❡sts
✐♥ ❘ ❛♥❞ ❞✐s♣❧❛②s ❛ s✐♠♣❧❡ st❡♠✲❛♥❞✲❧❡❛❢ ♣❧♦t✳ ▲❛st❧②✱ ❛ ❝✉st♦♠ ♣❧♦t ♠❡t❤♦❞ s❤♦✇s ❜♦t❤ ❛ ❤✐st♦❣r❛♠ ❛♥❞
❦❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ❡♠♣✐r✐❝❛❧ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳

✹ ❊①❛♠♣❧❡s

❚❤❡ ♣♦ss✐❜❧② s✐♠♣❧❡st ✉s❛❣❡ ♦❢ ❘❉✐❡❍❛r❞❡r ✐s ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡s s❡❝t✐♦♥ ♦❢ t❤❡ ❤❡❧♣ ♣❛❣❡✳ ❚❤❡ ❝♦❞❡ ❞❤
❁✲ ❞✐❡❤❛r❞❡r❀ s✉♠♠❛r②✭❞❤✮❀ ♣❧♦t✭❞❤✮ s✐♠♣❧② ❝❛❧❧s t❤❡ ❞✐❡❤❛r❞❡r ❢✉♥❝t✐♦♥ ✉s✐♥❣ t❤❡ ❞❡❢❛✉❧t ❛r❣✉♠❡♥ts✱
✐♥✈♦❦❡s ❛ s✉♠♠❛r② ❛♥❞ t❤❡♥ ❝❛❧❧s ♣❧♦t ♦♥ t❤❡ ♦❜❥❡❝t✳✻

❆ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡ ❢♦❧❧♦✇s ❜❡❧♦✇✳ ❲❡ s❡❧❡❝t t❤❡ ✷❞s♣❤❡r❡ t❡st ❢♦r t❤❡ ❣❡♥❡r❛t♦rs r❛♥✵ ❛♥❞
♠t✶✾✾✸✼ ✇✐t❤ ❛ ❣✐✈❡♥ s❡❡❞✳ ❚❤❡ r❡s✉❧ts ❜❛s❡❞ ♦♥ ❜♦t❤ t❤❡ ❑✉✐♣❡r ❑❙ t❡st ❛♥❞ t❤❡ ❑❙ t❡st s✉❣❣❡st t❤❛t ✇❡
✇♦✉❧❞ r❡❥❡❝t r❛♥✵ ❜✉t ♥♦t ♠t✶✾✾✸✼✱ ✇❤✐❝❤ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ ❧❛tt❡r ✭t❤❡
▼❡rs❡♥♥❡ ❚✇✐st❡r✮ ❜❡✐♥❣ ❛ ❞❡❝❡♥t ❘◆●✳ ■t ✐s ✇♦rt❤ ♥♦t❤✐♥❣ t❤❛t t❤❡ ❲✐❧❝♦①♦♥ t❡st ❝❡♥t❡r❡❞ ♦♥ µ = 0.5
✇♦✉❧❞ ♥♦t r❡❥❡❝t t❤❡ ♥✉❧❧ ❛t ❝♦♥✈❡♥t✐♦♥❛❧ ❧❡✈❡❧s ❢♦r r❛♥✵✳

Histogram and Density estimate
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ECDF

Diehard Minimum Distance (2d Circle) Test
Created by RNG ‘ran0' with seed=2, sample of size 100

Test p−values:  0.0099  (Kuiper−K−S),   0.0056  (K−S),   0.3506   (Wilcoxon)

Histogram and Density estimate
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ECDF

Diehard Minimum Distance (2d Circle) Test
Created by RNG ‘mt19937' with seed=2, sample of size 100

Test p−values:  0.2449  (Kuiper−K−S),   0.199  (K−S),   0.1696   (Wilcoxon)

❋✐❣✉r❡ ✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ r❛♥✵ ❛♥❞ ♠t✶✾✾✸✼ ✉♥❞❡r t❡st ✷❞s♣❤❡r❡

❆ ♣r♦❣r❛♠♠❛t✐❝ ❡①❛♠♣❧❡ ❢♦❧❧♦✇s✳ ❲❡ ❞❡✜♥❡ ❛ s❤♦rt ❝❤❛r❛❝t❡r ✈❡❝t♦r ❝♦♥t❛✐♥✐♥❣ t❤❡ ♥❛♠❡s ♦❢ t❤❡ s✐① ❘
❘◆●s✱ ❛♣♣❧② t❤❡ ❉✐❡❍❛r❞❡r ❢✉♥❝t✐♦♥ t♦ ❡❛❝❤ ♦❢ t❤❡s❡✱ ❛♥❞ t❤❡♥ ✈✐s✉❛❧✐③❡ t❤❡ r❡s✉❧t✐♥❣ p✲✈❛❧✉❡s ✐♥ s✐♠♣❧❡
qq♣❧♦t✳

❆❧❧ s✐① ❣❡♥❡r❛t♦rs ♣r♦✈✐❞❡ p✲✈❛❧✉❡ ♣❧♦ts t❤❛t ❛r❡ ❝❧♦s❡ t♦ t❤❡ ✐❞❡❛❧ t❤❡♦r❡t✐❝❛❧ ♦✉t❝♦♠❡ ✭s❤♦✇♥ ✐♥ ❣r❛②✮✳
❯♥s✉r♣r✐s✐♥❣❧②✱ p✲✈❛❧✉❡s ❢♦r t❤❡ ❑✉✐♣❡r ❑❙ t❡st ❛❧s♦ s❤♦✇ ♥♦ s✉♣♣♦rt ❢♦r r❡❥❡❝t✐♥❣ t❤❡s❡ ❣❡♥❡r❛t♦rs✳

✺ ❈✉rr❡♥t ▲✐♠✐t❛t✐♦♥s ❛♥❞ ❋✉t✉r❡ ❘❡s❡❛r❝❤

❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❘❉✐❡❍❛r❞❡r ♣r❡s❡♥t❡❞ ❤❡r❡ ❧❡❛✈❡s ❛ ♥✉♠❜❡r ♦❢ ❛✈❡♥✉❡s ❢♦r ❢✉t✉r❡ ✐♠♣r♦✈❡♠❡♥t ❛♥❞
r❡s❡❛r❝❤✳ ❙♦♠❡ ♦❢ t❤❡s❡ ♣❡rt❛✐♥ t♦ ❉✐❡❍❛r❞❡r ✐ts❡❧❢ ✕ ❛❞❞✐♥❣ ♥❡✇✱ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞✱ ♠♦r❡ s②st❡♠❛t✐❝ t❡sts
✐♥❝❧✉❞✐♥❣ t❤♦s❡ ❢r♦♠ t❤❡ ❙❚❙ s✉✐t❡ ❛♥❞ t❡sts t❤❛t ♣r♦❜❡ ❜✐t❧❡✈❡❧ r❛♥❞♦♠♥❡ss ✐♥ ✉♥✐q✉❡ ♥❡✇ ✇❛②s✳ ❖t❤❡rs
♣❡rt❛✐♥ ♠♦r❡ t♦ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❉✐❡❍❛r❞❡r ✇✐t❤ ❘✱ ✇❤✐❝❤ ✐s t❤❡ t♦♣✐❝ ♦❢ t❤✐s ✇♦r❦✳

✻❲❡ ♦♠✐t t❤❡ ♦✉t♣✉t ❤❡r❡ ❞✉❡ t♦ s♣❛❝❡ ❝♦♥str❛✐♥ts✳

✹



❃ r♥❣s ❁✲ ❝✭✧❘❴✇✐❝❤♠❛♥♥❴❤✐❧❧✧✱ ✧❘❴♠❛rs❛❣❧✐❛❴♠✉❧t✐❝✧✱

✰ ✧❘❴s✉♣❡r❴❞✉♣❡r✧✱ ✧❘❴♠❡rs❡♥♥❡❴t✇✐st❡r✧✱

✰ ✧❘❴❦♥✉t❤❴t❛♦❝♣✧✱ ✧❘❴❦♥✉t❤❴t❛♦❝♣✷✧✮

❃ ✐❢ ✭✦❡①✐sts✭✧r❧✧✮✮ r❧ ❁✲ ❧❛♣♣❧②✭r♥❣s✱ ❢✉♥❝t✐♦♥✭r♥❣✮ ❞✐❡❤❛r❞❡r✭r♥❣✱ ✧❞✐❡❤❛r❞❴r✉♥s✧✱ s❡❡❞❂✶✷✸✹✺✮✮

❃ ♦❧❞♣❛r ❁✲ ♣❛r✭♠❢r♦✇❂❝✭✷✱✸✮✱ ♠❛r❂❝✭✷✱✸✱✸✱✶✮✮

❃ ✐♥✈✐s✐❜❧❡✭❧❛♣♣❧②✭r❧✱ ❢✉♥❝t✐♦♥✭r❡s✮ ④

✰ qq♣❧♦t✭r❡s✩❞❛t❛✱ s❡q✭✵✱ ✶✱ ❧❡♥❣t❤✳♦✉t❂❧❡♥❣t❤✭r❡s✩❞❛t❛✮✮✱

✰ ♠❛✐♥❂♣❛st❡✭r❡s✩❣❡♥❡r❛t♦r✱ ✧✿✧✱ r♦✉♥❞✭r❡s✩♣✳✈❛❧✉❡✱ ❞✐❣✐ts❂✸✮✮✱

✰ ②❧❛❜❂✧✧✱ t②♣❡❂✧❙✧✮

✰ ❛❜❧✐♥❡✭✵✱ ✶✱ ❝♦❧❂✬❣r❛②✬✮

✰ ⑥✮✮

❃ ♣❛r✭♦❧❞♣❛r✮ ★ r❡s❡t ❣r❛♣❤ ❞❡❢❛✉❧ts

❃
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R_wichmann_hill : 0.142
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R_marsaglia_multic. : 0.846
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R_super_duper : 0.868
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R_mersenne_twister : 0.869
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R_knuth_taocp : 0.715
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R_knuth_taocp2 : 0.715

❋✐❣✉r❡ ✷✿ ❈♦♠♣❛r✐♥❣ s✐① ●◆❯ ❘ ❣❡♥❡r❛t♦rs ✉♥❞❡r t❤❡ r✉♥s t❡st

✺



◆♦t ❛❧❧ ♦❢ ❉✐❡❍❛r❞❡r✬s ❢❡❛t✉r❡s ❛r❡ ②❡t s✉♣♣♦rt❡❞ ✐♥ t❤✐s ✐♥✐t✐❛❧ ♣♦rt✳ ■♥ t❤❡ ♥❡❛r ❢✉t✉r❡ ✇❡ ❡①♣❡❝t t♦ ❛❞❞
❝♦❞❡ t♦ ❞❡❛❧ ✇✐t❤ t❡sts t❤❛t s✉♣♣♦rt ❡①tr❛ ♣❛r❛♠❡t❡rs✱ ♦r t❤❛t r❡t✉r♥ ♠♦r❡ t❤❛♥ ♦♥❡ ♣✲✈❛❧✉❡ ♣❡r ✐♥st❛♥❝❡
♦❢ ❛ t❡st✳ ❯❧t✐♠❛t❡❧②✱ ❘❉✐❡❍❛r❞❡r s❤♦✉❧❞ s✉♣♣♦rt t❤❡ ❢✉❧❧ s❡t ♦❢ ♦♣t✐♦♥s ♦❢ t❤❡ t❤❡ ❝♦♠♠❛♥❞✲❧✐♥❡ ✈❡rs✐♦♥ ♦❢
❉✐❡❍❛r❞❡r✳

❚❤❡r❡ ✐s ♥♦ ❞✐r❡❝t ✐♥t❡r❢❛❝❡ ❢r♦♠ t❤❡ ❘ ❣❡♥❡r❛t♦rs t♦ t❤❡ ❘❉✐❡❍❛r❞❡r ♠♦❞✉❧❡ ❢♦r ❡✈❛❧✉❛t✐♦♥❀ r❛t❤❡r✱
t❤❡ ✬♣♦rt❡❞✬ ❘ ❣❡♥❡r❛t♦rs ❛r❡ ❝❛❧❧❡❞ ❢r♦♠ t❤❡ ❧✐❜❞✐❡❤❛r❞❡r ❧✐❜r❛r②✳ ❚❤✐s ❝♦✉❧❞ ✐♥tr♦❞✉❝❡ ❝♦❞✐♥❣✴♣♦rt✐♥❣
❡rr♦rs✱ ❛♥❞ ❛❧s♦ ♣r❡✈❡♥ts t❤❡ ❞✐r❡❝t ✉s❡ ♦❢ ✉s❡r✲❛❞❞❡❞ ❣❡♥❡r❛t♦rs t❤❛t ❘ s✉♣♣♦rts✳ ■t ✇♦✉❧❞ ❜❡ ✇♦rt❤✇❤✐❧❡
t♦ ♦✈❡r❝♦♠❡ t❤✐s ❜② ❞✐r❡❝t❧② ❧❡tt✐♥❣ ❘❉✐❡❍❛r❞❡r ❝❛❧❧ ❜❛❝❦ ✐♥t♦ ❘ t♦ ❣❡♥❡r❛t❡ ❞r❛✇s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡
❝✉rr❡♥t s❡t✉♣ ❝♦rr❡s♣♦♥❞s ♠♦r❡ ❝❧♦s❡❧② t♦ t❤❡ ❝♦♠♠❛♥❞✲❧✐♥❡ ✈❡rs✐♦♥ ♦❢ ❉✐❡❍❛r❞❡r✳

◆❡①t✱ t❤❡ ❘ ❣❡♥❡r❛t♦rs ✐♥ ❉✐❡❍❛r❞❡r ♠❛② ♥❡❡❞ t♦ ❜❡ ✉♣❞❛t❡❞ t♦ t❤❡ ✷✳✺✳✵ ❝♦❞❡✳ ❚❤❡ ●❙▲ ❘◆●s ♣r♦✈✐❞❡❞
❜② ❧✐❜❞✐❡❤❛r❞❡r ♠❛② ❛s ✇❡❧❧ ❜❡ ❡①♣♦rt❡❞ t♦ ❘ ✈✐❛ ❘❉✐❡❍❛r❞❡r ❣✐✈❡♥ t❤❛t t❤❡ ●❙▲ ❧✐❜r❛r② ✐s ❛❧r❡❛❞② ❧✐♥❦❡❞
✐♥✳ ■♥❞❡❡❞✱ ✐t ✇♦✉❧❞ ❜❡ ✇♦rt❤✇❤✐❧❡ t♦ ✐♥t❡❣r❛t❡ t❤❡ t✇♦ ♣r♦❥❡❝ts ❛♥❞ ❜♦t❤ ❛✈♦✐❞ ♥❡❡❞❧❡ss ❝♦❞❡ ❞✉♣❧✐❝❛t✐♦♥
❛♥❞ ❡♥s✉r❡ ❡✈❡♥ ♠♦r❡ ❡②❡s ❝❤❡❝❦✐♥❣ ❜♦t❤ t❤❡ q✉❛❧✐t② ❛♥❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦❞❡ ✐♥ ❜♦t❤✳

■t ❝♦✉❧❞ ❜❡ ✉s❡❢✉❧ t♦ ❛❧s♦ ❜✉✐❧❞ ❘❉✐❡❍❛r❞❡r ✇✐t❤ ❛♥ ❵❡♠❜❡❞❞❡❞✬ ❧✐❜❞✐❡❤❛r❞❡r r❛t❤❡r t❤❛♥ r❡❧②✐♥❣ ♦♥
❛♥ ❡①t❡r♥❛❧❧② ✐♥st❛❧❧❡❞ ❧✐❜❞✐❡❤❛r❞❡r✳ ❚❤✐s ♠❛② ♠❛❦❡ ✐t ❡❛s✐❡r t♦ ❜✉✐❧❞ ❘❉✐❡❍❛r❞❡r ❢♦r s②st❡♠s ✇✐t❤♦✉t
❧✐❜❞✐❡❤❛r❞❡r ✭❛♥❞ ♦♥ ❲✐♥❞♦✇s✮✳ ▲✐❦❡✇✐s❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡♦r❣❛♥✐③❡ t❤❡ ❉✐❡❍❛r❞❡r ❢r♦♥t✲❡♥❞ ❝♦❞❡ ✐♥t♦ ❛
❝♦♠♠♦♥ ❧✐❜r❛r② t♦ ❛✈♦✐❞ ❞✉♣❧✐❝❛t✐♦♥ ♦❢ ❝♦❞❡ ✇✐t❤ ❘❉✐❡❍❛r❞❡r✳

▲❛st❧②✱ ♦♥ t❤❡ st❛t✐st✐❝❛❧ s✐❞❡✱ ❛♥ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ s✐③❡✴♣♦✇❡r ❜❡t✇❡❡♥ ❑❙✱ ❲✐❧❝♦①♦♥ ❛♥❞ ♦t❤❡r
❛❧t❡r♥❛t✐✈❡s ❢♦r ❣❡♥❡r❛t✐♥❣ ❛ ✜♥❛❧ ♣✲✈❛❧✉❡ ❢r♦♠ t❤❡ ✈❡❝t♦r ♦❢ ♣✲✈❛❧✉❡s r❡t✉r♥❡❞ ❢r♦♠ ❉✐❡❍❛r❞❡r t❡sts s✉❣❣❡sts
✐ts❡❧❢✳ ❙✐♠✐❧❛r❧②✱ ❡♠♣✐r✐❝❛❧ ❝♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ t❤❡ r❡s♦❧✈✐♥❣ ♣♦✇❡r ♦❢ t❤❡ ✈❛r✐♦✉s t❡sts ✭s♦♠❡ ♦❢ ✇❤✐❝❤
♠❛② ♥♦t ❛❝t✉❛❧❧② ❜❡ t❡rr✐❜❧② ✉s❡❢✉❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡② ②✐❡❧❞ ♥❡✇ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❢❛✐❧✉r❡ ♠♦❞❡s ♦❢
❛♥② ❣✐✈❡♥ ❘◆●✮ ❝♦✉❧❞ ❜❡ ✉♥❞❡rt❛❦❡♥✳ ▲❛st❧②✱ t❤❡r❡ ✐s ❛❧✇❛②s r♦♦♠ ❢♦r ♥❡✇ ❣❡♥❡r❛t♦rs✱ ♥❡✇ t❡sts✱ ❛♥❞ ♥❡✇
✈✐s✉❛❧✐③❛t✐♦♥s✳

❖♥❡ t❤✐♥❣ t❤❛t ♦♥❡ s❤♦✉❧❞ r❡♠❡♠❜❡r ✇❤✐❧❡ ❡①♣❡r✐♠❡♥t✐♥❣ ✇✐t❤ ❉✐❡❍❛r❞❡r ✐s t❤❛t t❤❡r❡ r❡❛❧❧② ✐s ♥♦ s✉❝❤
t❤✐♥❣ ❛s ❛ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r✳ ■t ✐s t❤❡r❡❢♦r❡ ❧✐❦❡❧② t❤❛t ❛❧❧ ❘◆●s ✇✐❧❧ ❢❛✐❧ ❛♥② ❣✐✈❡♥ ✭✈❛❧✐❞✮ t❡st ✐❢ ♦♥❡
❝r❛♥❦s ✉♣ t❤❡ ✏r❡s♦❧✉t✐♦♥✑ ✉♣ ❤✐❣❤ ❡♥♦✉❣❤ ❜② ❛❝❝✉♠✉❧❛t✐♥❣ ❡♥♦✉❣❤ s❛♠♣❧❡s ♣❡r ♣✲✈❛❧✉❡✱ ❡♥♦✉❣❤ ♣✲✈❛❧✉❡s
♣❡r r✉♥✳

■t ✐s ❛❧s♦ tr✉❡ t❤❛t ❛ ♥✉♠❜❡r ♦❢ ▼❛rs❛❣❧✐❛✬s t❡sts ❤❛✈❡ t❛r❣❡t ❞✐str✐❜✉t✐♦♥s t❤❛t ✇❡r❡ ❝♦♠♣✉t❡❞ ❡♠♣✐r✐❝❛❧❧②
❜② s✐♠✉❧❛t✐♦♥ ✭✇✐t❤ t❤❡ ❜❡st ❘◆●s ❛♥❞ ❝♦♠♣✉t❡rs ❛✈❛✐❧❛❜❧❡ ❛t t❤❡ t✐♠❡✮✳ ❍❡r❡ ♦♥❡ ❤❛s t♦ s✐♠✐❧❛r❧② r❡♠❡♠❜❡r
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http://www.R-project.org

	Introduction
	DieHarder
	DieHard
	STS
	RGB extensions
	Basic methodology
	GSL framework
	R random number generators
	Source code and building DieHarder

	RDieHarder
	Examples
	Current Limitations and Future Research
	Conclusion

