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1 Overview

EM algorithms extend likelihood estimation to cases with hidden states, such as when
observations are corrupted and the true population size is unobserved. EM algorithms
are widely used in engineering and computer science applications. The reader is re-
ferred to McLachlan and Krishnan (2008) for general background on EM algorithms
and to Harvey (1989) for a discussion of EM algorithms for time-series data. Borman
(2009) has a nice tutorial on the EM algorithm. Coding an EM algorithm is not as
involved as the following this report might suggest. In most texts, the majority of the
steps shown in this technical report would be subsumed under the line “the equations
follow directly from the likelihood...”. This technical report lays out in detail all of the
steps between the likelihood and the EM update equations.

I show first the derivation of the EM algorithm for the unconstrained! MARSS
model. This EM algorithm was derived by Shumway and Stoffer (1982), but my deriva-
tion is in some ways more similar to Ghahramani et al’s (Ghahramani and Hinton,
1996; Roweis and Ghahramani, 1999) slightly different presentation. One difference
in my presentation and these previous presentations is that I treat the data as a random
variable throughout; this means that there are no “special” update equations for the
missing values case. I then extend the derivation to the case of a constrained MARSS
model where there are fixed and shared elements in the parameter matrices and to the
case of a degenerate MARSS model where some processes in the model are determin-
istic rather than stochastic. An example of a shared value would be a shared drift term
(u) across all the random walk processes in a MARSS model. See also Wu et al. (1996)
and Zuur et al. (2003) for other examples of the EM algorithm for different classes of
constrained MARSS models.

One issue that I do not cover is “identifiability”, i.e. does a unique solution exist.
For a given MARSS model, you will need to fix some of the parameter elements in
order to produce a model with one solution. How to do that depends on how you are
using the MARSS model and what specific model you are using. If you are lucky,
someone in your field is using a similar type of MARSS model and has already worked
out how to constrain the model to ensure identifiability.

Whenever one is working with MARSS models, one should be cognizant that mis-
specification of the prior on the initial hidden states (xo or x|) can have catastrophic and
difficult to detect effects on your MLE estimates in MARSS models. There is often no
sign that something is amiss, except that something seems odd about your parameter
estimates. There has been much work on how to avoid these initial conditions effects
(see especially literature on VAR state-space models in the economics literature). In
our experience, the trouble occurs when the prior on the initial states is inconsistent
with the distribution of the initial states that is implied by the MLE model. This often
happens when the model implies a specific covariance structure on the initial states.
But since you do not know the MLE parameters, you do not know this covariance
structure. Using a diffuse prior does not help since your diffuse prior still has some co-
variance structure (often independence is being imposed). As mentioned above, often

“unconstrained” means that each element in the parameter matrix is estimated and no elements are

fixed or shared.



it is very difficult to detect that there is a problem. There are MLE estimates; it is just
that these estimates are influenced in a bad way by your prior. One way to detect it is to
compare estimates from the EM algorithm versus a Newton-method. If the estimates
are quite different, this suggests a prior specification problem because sometimes one
or the other algorithm is able/unable to find the MLE when the prior is inconsistent. In
some ways the EM algorithm is less sensitive to the prior because it uses the smoothed
states in the maximization step. The smoothed states are conditioned on all the data.
However, if the prior is inconsistent with the model, the EM algorithm will not (cannot)
find the MLE. It is very possible however that it will find parameter estimates that are
closer to what you intend (estimates uninfluenced by the prior), but they will not be
MLEs. The final section of this report discusses some practical ways to detect the prior
problems and to correct or circumvent them.

1.1 The MARSS model

The linear MARSS model with a stochastic initial state? is

x; = Bx,_| +u+w,;, where w, ~ MVN(0,Q) (1a)
¥, = Zx; +a+v,, where v, ~ MVN(0,R) (1b)
xo ~ MVN(E A) (lc)

The y equation is called the observation process, and y, is a n x 1 vector. The x equation
is called the state or process equation, and x; is a m x 1 vector. The equation for x
describes a multivariate autoregressive process (also called a random walk or Markov
process). The initial state can either defined at 7 = 0, as is done in equation 1, orats = 1.
When presenting the MARSS model, I use ¢+ = 0 but the derivations will show the EM
algorithm for both cases. Q and R are variance-covariance matrices that specify the
stochasticity in the observation and state equations.

This report describes the derivation of an EM algorithm to solve MARSS models,
where linear constraints of the form ; + B, a+ By b+ ... are placed on the elements
in the MARSS parameter matrices. This covers the majority of MARSS models used

2¢Stochastic’ means the initial state has a distribution rather than a fixed value. Because the process must
start somewhere, one needs to specify the initial state as either a distribution or as a parameter. In equation
1, I show the initial state specified as a distribution. However, the derivation will also discuss the case where
the initial state is specified as an unknown fixed parameter.



in the literature. Here is an example of a MARSS model with linear constraints:

xt] _[a 0] [x 4 m Wil VN 0.1 qi1 412
x|, [0 2a| (|x2], | [w2],” [w2, u+0.1|" g1 q»

V1 c 3c+2d+1 Vi
x1
»n| = ¢ d [x} + ||,
y3l, c+e+2 e RET P ,
Vi al [r 0 0
vo| ~MVN | |az|,|0 2r O
V3 0 0 0 4r

= (]l )

Linear constraints mean that elements of a matrix may be fixed to a specific numerical
value or specified as a linear combination of values (which can be shared within a
matrix but not shared between matrices).

In the MARSS model, x and y equations describe two stochastic processes. By
tradition, one conditions on observations of y, and x is treated as completely hidden,
hence the name ‘hidden Markov process’ of which a MARSS model is a special type.
However, you could condition on (partial) observations of x and treat y as a (partially)
hidden process—with as usual proper constraints to ensure identifiability. Nonetheless
in this report, I follow tradition and treat x as hidden and y as (partially) observed. If
x is partially observed then the update equations stay the same but the expectations
shown in section 5 would be computed conditioned on the partially observed x.

1.2 The joint log-likelihood function

Denote the set of all y’s and x’s from ¢ = 1 to 7 by y and x. The joint log-likelihood?
of y and x can then be written then as follows, where X; denotes the random variable
and x; is a realization from that random variable (and similarly for Y,):*

fyx) =X =x)f(x), 2

where
T
f) = fo) [T fGelX =27
=1
T

fOX =x)=]]f0X =x)

t=1

3

3This is not the log likelihood output by the Kalman filter. The log likelihood output by the Kalman
filter is the logL(y; ®) (notice x does not appear), which is known as the marginal log likelihood.

“To alleviate clutter, I have left off subscripts on the f’s. To emphasize that the f’s represent differ-
ent density functions, one would often use a subscript showing what parameters are in the functions, i.e.
S| X -1 =x-1) becomes fp 0% |X;—1 =x-1).
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Here xﬁ denotes the set of x; from t = ¢1 to t = 2 (and thus x is shorthand for xlT).
The third line follows because conditioned on x, the y,’s are independent of each other
(because the v; are independent of each other). In the last line, x’l_1 becomes x;_| from
the Markov property of the equation for x; (equation 1a), and x becomes x; because y,
depends only on x; (equation 1b).

Since (X;|X,_; =x,_1) is multivariate normal and (Y,|X, = x,) is multivariate nor-
mal (equation 1), we can write down the joint log-likelihood function using the likeli-
hood function for a multivariate normal distribution (Johnson and Wichern, 2007, sec.
4.3).

L1 _ L1
logL(y,x;®):—ZE(yZ—Zx,—a)TR l(yt—th—a)—Z’Elog|R|
1 1
1 To-! - (5)
—Zi(x,—Bx,_l—u) Q (x,—Bx,_l—u)—Zilog\Q|
1 1

208 TA o) — 3 log]A| ~ ¥ logn

n is the number of data points. This is the same as equation 6.64 in Shumway and
Stoffer (2006). The above equation is for the case where x is stochastic (has a known
distribution). However, if we instead treat xy as fixed but unknown (section 3.4.4 in
Harvey, 1989), it is then a parameter and there is no A. The likelihood then is slightly
different:

L] _ L]
logL(y,x;0) =~} > (v, — Zx, —a) 'R (y, — Zx, —a) =} - log R
1 1
Ly B (] (6)
— Y —(x —Bx,_; —u)TQ l(x,—Bx,,] —u)—) —log|Q|
2 2
1 1

.XI()EF,

Note that in this case, xg is no longer a realization of a random variable X; it is a fixed
(but unknown) parameter. Equation 6 is written as if all the A elements are 0 in order
to remove clutter, however the MARSS package does not require that all A are 0. You
can fix some xg in xp and let others have a prior, but you need to make sure the model
actually makes sense.

If R is constant through time, then Y7 1log |R| in the likelihood equation reduces
to glog |R|, however sometimes one needs to includes time-dependent weighting on



R°. The same applies to Y %log |QJ.

All bolded elements are column vectors (lower case) and matrices (upper case). AT
is the transpose of matrix A, A~! is the inverse of A, and |A| is the determinant of A.
Parameters are non-italic while elements that are slanted are realizations of a random
variable (x and y are slated)®

1.3 Missing values

In Shumway and Stoffer and other presentations of the EM algorithm for MARSS
models (Shumway and Stoffer, 2006; Zuur et al., 2003), the missing values case is
treated separately from the non-missing values case. In these derivations, a series of
modifications are given for the EM update equations when there are missing values. In
my derivation, I present the missing values treatment differently, and there is only one
set of update equations and these equations apply in both the missing values and non-
missing values cases. My derivation does this by keeping E[Y,|data] and E[Y,X," |data]
in the update equations (much like E[X,|data] is kept in the equations) while Shumway
and Stoffer replace these expectations involving ¥, by their values, which depend on
whether or not the data are a complete observation of ¥, with no missing values. Sec-
tion 5 shows how to compute the expectations involving ¥, when the data are an in-
complete observation of Y.

2 The EM algorithm

The EM algorithm cycles iteratively between an expectation step (the integration in the
equation) followed by a maximization step (the arg max in the equation):

O :argmélx//logL(x,y;G)f(x,y\Y(l) =y(1),0;)dxdy @)
xJy

Y (1) indicates those Y that have an observation and y(1) are the actual observations.
Note that ® and ©; are different. If ® consists of multiple parameters, we can also
break this down into smaller steps. Let ® = {a, B}, then

1 = argma | /y logL(x.y. B 0)f(x.y[¥ (1) =y(1),0;,B)dxdy  (®)
Now the maximization is only over o, the part that appears after the “;” in the log-
likelihood.

Expectation step The integral that appears in equation (7) is an expectation. The
first step in the EM algorithm is to compute this expectation. This will involve comput-
ing expectations like E[X, X, |¥;(1) =y,(1),0,] and E[Y,X, |¥,(1) =y,(1),0,]. The
j subscript on ® denotes that these are the parameters at iteration j of the algorithm.

STf for example, one wanted to include a temporally dependent weighting on R replace |R| with |oyR| =
ol |R[, where 0 is the weighting at time 7 and is fixed not estimated.

6In matrix algebra, a capitol bolded letter indicates a matrix. Unfortunately in statistics, the capitol letter
convention is used for random variables. Fortunately, this derivation does not need to reference random
variables except indirectly when using expectations. Thus, I use capitols to refer to matrices not random
variables. The one exception is the reference to X and in this case a bolded slanted capitol is used.



Maximization step: A new parameter set ®;, | is computed by finding the param-
eters that maximize the expected log-likelihood function (the part in the integral) with
respect to ®. The equations that give the parameters for the next iteration (j+ 1) are
called the update equations and this report is devoted to the derivation of these update
equations.

After one iteration of the expectation and maximization steps, the cycle is then
repeated. New expectations are computed using ® ;. , and then a new set of parameters
0, is generated. This cycle is continued until the likelihood no longer increases more
than a specified tolerance level. This algorithm is guaranteed to increase in likelihood
at each iteration (if it does not, it means there is an error in one’s update equations).
The algorithm must be started from an initial set of parameter values ®;. The algorithm
is not particularly sensitive to the initial conditions but the surface could definitely be
multi-modal and have local maxima. See section 7 on using Monte Carlo initialization
to ensure that the global maximum is found.

2.1 The expected log-likelihood function

The function that is maximized in the “M” step is the expected value of the log-
likelihood function. This expectation is conditioned on two things: 1) the observed
Y’s which are denoted Y (1) and which are equal to the fixed values y(1) and 2) the pa-
rameter set ®;. Note that since there may be missing values in the data, ¥ (1) can be a
subset of Y, that is, only some ¥ have a corresponding y value at time . Mathematically
what we are doing is Exy[g(X,Y)[Y (1) =y(1),®;]. This is a multivariate conditional
expectation because X,Y is multivariate (a m x n x T vector). The function g(®) that
we are taking the expectation of is logL(Y,X;®). Note that g(®) is a random variable
involving the random variables, X and Y, while logL(y,x;®) is not a random variable
but rather a specific value since y and x are a set of specific values.

We denote this expected log-likelihood by . Using the log likelihood equation (5)



and expanding out all the terms, we can write out ¥ as:
EXYUOgL(Y X;:0):Y(1)=y(1),0;] =¥ =
- 72 ( E[Y/R7'Y,] - EY/R'ZX,] - E[(ZX,) 'R"'Y,]
[aTR 'Y,] - E[Y,R 'a] + E[(ZX,) 'R 'ZX,]

T
+E[a'R7'ZX,] + E[(ZX,) "R 'a] + E[aTRla]) — 5 log|R|

- 72 ( Q X, -EX/Q 'BX, |]

~E[(BX,-1)'Q"'X,] - Eu'Q"'X,] - E[X/Q 'y
+ E[(BX,_1)"Q"'BX, ;] + Eu' Q"!'BX, ]

®

+ E[(BXt,l)TQ_lu] +uTQ_1u> — glog |Q|
- % (E[XJ V' Xo] - E§"A™'X(]
— E[XJA g +§TA1§> - %log\/\\ —glogn

Allthe E[ ] appearing here denote Exy[g()|Y (1) =y(1),®;]. In the rest of the deriva-
tion, I drop the conditional and the XY subscript on E to remove clutter, but it is impor-
tant to remember that whenever E appears, it refers to a specific conditional multivari-
ate expectation. If x is treated as fixed, then Xy = £ and the last two lines involving A
are dropped.

Keep in mind that ® and ©; are different. ® is a parameter appearing in function
g(X,Y,0). X and Y are random variables which means that g(X,¥,®) is a random
variable. We take the expectation of g(X,Y,®), meaning we take integral over the joint
distribution of X and ¥. We need to specify what that distribution is and the condition-
ing on ®; is specifying that. This conditioning affects the value of the expectation of
g(X,Y,®), but it does not affect the value of ®, which are the R, Q, u, etc. values on
the right side. We will first take the expectation of g(X,Y,®) conditioned on ®; (using
integration) and then take the differential of that expectation with respect to ®.

I will reference the expected log-likelihood throughout the derivation of the update
equations. It could be written more concisely, but for deriving the update equations, I
will keep it in this verbose form. The goal is to find the ® that maximizes this expecta-
tion and this becomes the new parameter set for the j+ 1 iteration of the EM algorithm.
The equations to compute these new parameters are termed the update equations.



Table 1: Notes on multivariate expectations. For the following examples, let X be a vector of
length three, X;,X>,X3. f() is the probability distribution function (pdf). C is a constant (not a
random variable).

8X)] = [ [ [ g(x)f(x1,x2,x3)dx1dx2dx3

Ex[Xi] = [ [ [x1f(x1,x2,x3)dx1dxpdx3 = [x1f(x1)dx; = E[X]]
(X1 +Xo] = Ex[Xi] + Ex[X2]

Ex[X; +C] = Ex[X|] +C

Ex|CX)] = CEx|[X|]

Ex[X1]|X1 =x1] = x|

Ex[X|X =x]=x

2.2 The expectations used in the derivation

The following expectations appear frequently in the update equations and are given

special names’:

% = Exy[X,[¥ (1) =3(1),0)] (102)
Y, = Exy[Y/|¥ (1) =y(1),0)] (10b)
P, = Exy[X.X/ ¥ (1) =y(1),0)] (10c)
P, = Exy[X.X ¥ (1) =y(1),0;] (10d)
V, = varxy X, Y (1) = y(1),0;] = P, - XX, (10e)
O, = Exy[Y.¥/ ¥ (1) = y(1>,®,] (10f)
W, = varyy[Y,[¥ (1) =y(1),0;] = O, - §,3, (10g)
¥x, = Bxy[V: X/ Y (1) = y(1)7®,] (10h)
¥X,,1 = Exy[Y XY (1) =y(1),0 i) (101)

The subscript on the expectation, E, denotes that this is a multivariate expectation taken
over X andY. The right sides of equations (10e) and (10g) arise from the computational
formula for variance and covariance:

var[X] = E[XX "] — E[X]E[X]" an
cov[X,Y] = E[XY ] — E[X]E[Y]". (12)

Section 5 shows how to compute the expectations in equation 10.

"This notation is different than what you see in Shumway and Stoffer (2006), section 6.2. What I call
V, they refer to as P/, and my P, would be P/' 4 x,x, in their notation.



3 The unconstrained update equations

In this section, I show the derivation of the update equations when all elements of a
parameter matrix are estimated and are all allowed to be different; these are similar to
the update equations one will see in Shumway and Stoffer’s text. Section 4 shows the
update equations when there are fixed or shared values in the parameter matrices, i.e.
the constrained update equations.

To derive the update equations, one must find the ®, where ® is comprised of the
MARSS parameters B, u, Q, Z, a, R, &, and A, that maximizes ¥ (equation 9) by partial
differentiation of W with respect to ®. However, [ will be using the EM equation where
one maximizes each parameter matrix in ® one-by-one (equation 8). In this case, the
parameters that are not being maximized are set at their iteration j values, and then
one takes the derivative of ¥ with respect to the parameter of interest. Then solve for
the parameter value that sets the partial derivative to zero. The partial differentiation is
with respect to each individual parameter element, for example each u; in the vector u.
The idea is to single out those terms in equation (9) that involve i (say), differentiate
by uy, set this to zero and solve for uy. This gives the new iy that maximizes the partial
derivative with respect to u; of the expected log-likelihood. Matrix calculus gives us
a way to jointly maximize ¥ with respect to all elements (not just element k) in a
parameter vector or matrix.

3.1 Matrix calculus need for the derivation

Before commencing, some definitions from matrix calculus will be needed. The partial
derivative of a scalar (W is a scalar) with respect to some column vector b (which has
elements by, by . . .) is

¥ _ (¥ ¥ oY
ob  |9b; 9b, ob,

Note that the derivative of a column vector b is a row vector. The partial derivatives of
a scalar with respect to some 7 X n matrix B is

[ 0¥ oY oY ]
8b1,1 6b2,1 Bbml
oY oY oY

¥ _ |0b1, by ob,2
oB
¥ ¥ ¥
_abl,n ab2,n abn,n_

Note that the indexing is interchanged; 0% /0b; ; = [0¥/ aB]j_l.. For Q and R, this is
unimportant because they are variance-covariance matrices and are symmetric. For B

and Z, one must be careful because these may not be symmetric.

10



Table 2: Derivatives of a scalar with respect to vectors and matrices. In the following a and ¢
are n X 1 column vectors, b and d are m x 1 column vectors, D is a n x m matrix, Cisan xn
matrix, and A is a diagonal n X n matrix (Os on the off-diagonals). C ! is the inverse of C, c’
is the transpose of C, c = (C_1 )T = (CT)_I, and |C| is the determinant of C. Note, all the
numerators in the differentials reduce to scalars.

d(a'c)/oa=09(c'a)/da=c" (13)

d(a'Db)/OD =3(b'D"a)/oD =ba'

d(a"Db)/dvec(D) = (b D a)/dvec(D) = (vec(ba')) " (14)

3(log|C])/aC = ~a(log|C')/aC=(CT) ' =C T (15)
3(1og|C[) /vec(C) = (vee(C )

d(b'D'CDd)/oD=db'D'C+bd'D'C"
d(b ' DTCDA)/dvec(D) = (vec(db ' DTC+bd ' D'C"))" (16)
If b= d and C is symmetric then the sum reduces to 2bb ' D' C

d(a'Ca)/da=09(aC'a")/da=2a"C (17)

da'C'le)/oC = —-Clac'C!

d(a’C '¢)/dvec(C) = _(Vec(c—lacrcq))T (13)

A number of derivatives of a scalar with respect to vectors and matrices will be
needed in the derivation and are shown in table 2. In the table, both the vectorized
and non-vectorized versions are shown. The vectorized version of a matrix D with
dimension n X m is

vec(Dy, )

11



3.2 The update equation for u (unconstrained)

Take the partial derivative of ¥ with respect to u, which is a m X 1 column vector. All
parameters other than u are fixed to constant values (because partial derivation is being
done). Since the derivative of a constant is 0, terms not involving u will equal 0 and
drop out. Taking the derivative to equation (9) with respect to u:

B‘P/auz< (E[X;/Q 'u])/ou—0(E[u'Q 'X,])/0u
+9(E[(BX,—1) 'Q 'u])/ou+9(E[u' Q" 'BX,_])/ou 19
+8(uTQ1u)/au)

The parameters can be moved out of the expectations and then the relations (13) and
(17) are used to take the derivative.

a\P/auZ( X)7Q - (Q EX)

(20)
+B'EX, 1)) ' Q"+ (Q 'BE[X, )" +2uTQ‘1>
This also uses Q' = (Q~!)". This can then be reduced to
T
o0%/ou=Y (EX;]'Q'—EX,.,]'B'Q'—u'Q") (21)

t=1

Set the left side to zero (a 1 x m matrix of zeros) and transpose the whole equation.
Q! cancels out® by multiplying on the left by Q (left since the whole equation was
just transposed), giving

0:

1=

T
(EX,]-BE[X,_] - Z —BE[X,_]) —Tu (22)

t=1

Solving for u and replacing the expectations with their names from equation 10, gives
us the new u that maximizes P,

1
Ui = Y (x—Bx_) (23)

t=1

3.3 The update equation for B (unconstrained)

Take the derivative of W with respect to B. Terms not involving B, equal 0 and
drop out. I have put the E outside the partials by noting that d(E[h(X,;,B)])/0B =

8Q is a variance-covariance matrix and is invertible. Q~'Q =1, the identity matrix.

12



E[d(h(X/,B))/0B] since the expectation is conditioned on B; not B.

0¥/0B = —— Z ( [P(X, Q 'BX, ;)/0B]
- E[a((Bthl)TQ 'X,)/9B] + E[0((BX,_1) ' Q' (BX,_))/dB]

E[0((BX,_1)"Q 'u)/0B] + E[0(u' Q" 'BX, ) /8B])
| 24

T
:_5 ( [0(X,Q 'BX,_,])/9B]

- E[8<XLBT ~'X,)/0B]+ E[0(X,_,B' Q"' (BX,1))/IB]
+E[@X, ;B"Q 'u)/oB]+ E[o(u' Q" 'BX, ) /8B>]

After pulling the constants out of the expectations, we use relations (14) and (16) to
take the derivative and note that Q' = (Q ) T:

T
a‘P/aB:—;Z< EX,_1X,]Q " — EX,_ X, Q™!
- 25)
L2EX, X JBTQ !+ EX, JuTQ ! + E[x,l]uTol)

This can be reduced to

OW/0B = — ZT:( EX,1X/]Q"

=1 (26)
+2EX, X" ,B'Q"! +2E[Xl|]uTQ1>

N =

Set the left side to zero (an m x m matrix of zeros), cancel out Q! by multiplying by
Q on the right, get rid of the -1/2, and transpose the whole equation to give

0= (E

=

T
—BE[X,- 1Xt 1= “E[XtT—ﬂ)
1
T - . 27
= Z (Pt,t—l —BP;_; *uxtq)
=1

The last line replaced the expectations with their names shown in equation (10). Solv-
ing for B and noting that P;_; is like a variance-covariance matrix and is invertible,
gives us the new B that maximizes ¥,

By = (Z(P,_yl | —uX, , )(ZP, 1)1 (28)

13



Because all the equations above also apply to block-diagonal matrices, the deriva-
tion immediately generalizes to the case where B is an unconstrained block diagonal
matrix:

b1y bia b1z 0 0 0 0 0]
by by b3 0O 0 0 0 0
by b3p b33 0 0O 0O 0 O
B_ |0 0 0 by bys O 0 0| _ ]f)l ];) g
00 0 bsg bss 0 0 0 |/ 02 B
0 0 0 0 0 bgs bs7 beg 3
0 0 0 0 0 b b7 big
(0 0 0 0 0 by bsy bgs)
For the block diagonal B,

T T\l
Bij1= (Z (P —u§l1)> (ZPt—l) (29)
i \r=1

t=1 i

where the subscript i means to take the parts of the matrices that are analogous to
B;; take the whole part within the parentheses not the individual matrices inside the
parentheses. If B; is comprised of rows a to b and columns c to d of matrix B, then
take rows a to b and columns c to d of the matrices subscripted by i in equation (29).

3.4 The update equation for Q (unconstrained)

The usual way to do this derivation is to use what is known as the “trace trick” which
will pull the Q! out to the left of the ¢' Q~'b terms which appear in the likelihood
(9). Here I’'m showing a less elegant derivation that plods step by step through each of
the likelihood terms. Take the derivative of ¥ with respect to Q. Terms not involving Q
equal 0 and drop out. Again the expectations are placed outside the partials by noting

that (E[h(X,Q)]) /3Q — E[d((X;,Q))/2Q].

w100 =~ Y (00K Q 1X,)/00] - ER(/ @ 'BX,-1)/20)
t=1

—E[9((BX;-1)"Q 'X,)/0Q] — E[0(X,Q 'u)/9Q]
—9(E[u’Q 'X,)/0Q] + E[0((BX,-1) ' Q" 'BX,-1)/9Q] 30)
+ E[9((BX,_1)'Q 'u)/0Q] + E[0(u' Q 'BX, 1)/0Q]

+a(u"Q w)/90) 3 o 01 ) 20

The relations (18) and (15) are used to do the differentiation. Notice that all the terms
in the summation are of the form cTQflb, and thus after differentiation, all the ¢"b
terms can be grouped inside one set of parentheses. Also there is a minus that comes
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from equation (18) and it cancels out the minus in front of the initial —1/2.

T
0¥ /0Q = % Yo <E[XZXI] — E[X;(BX,_1)']— EBX, X,
=1

—EX,u'] - E[uX, ]+ E[BX,_(BX,_1)" ]+ E[BX,_ju'] (€2))

+ E[u(BX,_1)'] +uuT) Q'- ng1

Pulling the parameters out of the expectations and using (BX;)" =X ,T B', we have

T
2/00 =Y Q' ((EXX/]- EXX/ B - BEX, 1X/]
t=1

—EX,Ju’ —uEX,/]+BEX,1X,",]B" +BE[X, Ju’ (32)
T

fol

—|—uE[X,T,1]BT —&—uuT) Q- 5

The partial derivative is then rewritten in terms of the Kalman smoother output:

| S ~ - _
d¥/dQ = EZQ 1(P,—P,JlBT—BP,17,—)(,uT—u)(,T
t=1 (33)
T

+BP,_ B +BX,_ju' +ux, B’ +uuT> Q- EQ‘I

Setting this to zero (a m x m matrix of zeros), Q! is canceled out by multiplying by
Q twice, once on the left and once on the right and the 1/2 is removed.

T ~ ~ ~
0 = Z (PI‘ - Ptyt_lBT - BPt—Lt _ituT - quvlT
t=1

(34)
+BP,_;B" +BX,_ju' +ux, B’ +uuT> -TQ
We can then solve for Q, giving us the new Q that maximizes ¥,
¢ (5 5 T = < T =T
Qj+] = T Z (Pt —P, 1B —BP_;—x;u —ux
=l (35)

+BP,_B' +BX,_ju' +ux, B’ +uuT)

This derivation immediately generalizes to the case where Q is a block diagonal
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matrix:

Qa1 q2 q13 0 0 0 0 0
a2 @2 @3 0 0 0 0 0
@13 @23 q33 O 0 0 0 0

Q= 0 0 0 g44 qa5 0 0 O] _ %‘ 8 8
0 0 0 qas gs55 O 0 0 0 02 0
0 0 0 0 0 gs6 4g67 968 3
0o 0 0 0 0 g7 917 9138
L0 0 0 0 0 g6s8 q78 qss]

In this case,

1

T
Qi,j+1 = T Z (Pt - Pt,tleT —BP,_y, —izu—r - ui,T
t=1

(36)
+BP,_B' +BX,_ju' +ux, B’ +uuT)

1

where the subscript i means take the elements of the matrix (in the big parentheses)
that are analogous to Q;; take the whole part within the parentheses not the individual
matrices inside the parentheses). If Q; is comprised of rows a to b and columns ¢ to d
of matrix Q, then take rows a to b and columns ¢ to d of matrices subscripted by i in
equation (36).

By the way, Q is never really unconstrained since it is a variance-covariance matrix
and the upper and lower triangles are shared. However, because the shared values are
only the symmetric values in the matrix, the derivation still works even though it’s
technically incorrect (Henderson and Searle, 1979). The constrained update equation
for Q shown in section 4.8 explicitly deals with the shared lower and upper triangles.

3.5 Update equation for a (unconstrained)

Take the derivative of ¥ with respect to a, where a is a n x 1 column vector. Terms not
involving a, equal 0 and drop out.

oW /da = —% i (—a(E[Y,TR]a])/aa—a(E[aTR'Y,])/aa
t=1 (37)
+8(E[(ZX,)TRla})/aa—ka(E[aTRlZXt])/aa—&-a(E[aTRla])/aa)

The expectations around constants can be dropped’. Using relations (13) and (17) and
using R™! = (R™1) 7, we have then

OV /0a = —% i (— E[Y/R'] - E[(R'Y,)"]+ E[(ZX,) 'R""]
=1 (38)
+E[R7'ZX,)T] +2aTR—1)

Ibecause Exy(C) = C, where C is a constant.
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Pull the parameters out of the expectations, use (ab)" =b'a’ and R™! = (R™!)T
where needed, and remove the —1/2 to get

T
o¥/oa=Y (E[Y,]TR1 —EX,]'Z'R™! —aTR1> (39

t=1

Set the left side to zero (a 1 X n matrix of zeros), take the transpose, and cancel out R!
by multiplying by R, giving

M~
M\!

0=) (E[Y,]-ZE[X/]—a) —7ZX, —a) (40)
t=1 1 :1
Solving for a gives us the update equation for a:
T
a1 = Z ~7X,) @1

3.6 The update equation for Z (unconstrained)

Take the derivative of ¥ with respect to Z. Terms not involving Z, equal 0 and drop
out. The expectations around terms involving only constants have been dropped.

0¥/0dZ = (note dZ is m x n while Z is n x m)
—IZ( [P(Y'R™'ZX,)/9Z]
— E[0((ZX,) 'R"'Y,)/0Z] + E[0((ZX,) 'R 'ZX,) /9Z]

+ E[((ZX,) 'R 'a)/0Z] + E[a(aTR_IZXt)/aB]) “2)

l\.)

1 T
=—= ( oY 'R'ZX,)/07Z]
- E[a(x,TZTR 'Y,)/0Z) + E[o(X'Z"R"'ZX,) /0Z]
+E[Q(X,Z"R'a)/0Z] + E[a(aTR]ZXt)/aZ])
Using relations (14) and (16) and using R™! = (R™1) T, we get

OW/0Z = —— Z ( EX.Y /R -EXY R
(43)
+2EXXZ"R'|+ EX,_ja'R7"| + E[X,aTR'])

Pulling the parameters out of the expectations and getting rid of the —1/2, we have

oW /dZ = Z( X,y |R"! E[XtX,T]ZTRl—E[Xt]aTRl) (44)
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Set the left side to zero (a m X n matrix of zeros), transpose it all, and cancel out R!
by multiplying by R on the left, to give

0= i Y.X/']|-ZEX,X]—aE[X/])

t

=1
. 45)
= Z:l (yX, —ZP[ — ait )
=

Solving for Z and noting that P, is invertible, gives us the new Z:
1
Zji1 = (Z VX, —ax, ) (ZE) (46)

3.7 The update equation for R (unconstrained)
Take the derivative of W with respect to R. Terms not involving R, equal 0 and drop
out. The expectations around terms involving constants have been removed.
1 T
O¥/0R = Yy (E[a(Y,TR’Y,)/aR] —E[(Y,/ R 'ZX,)/dR]
=1
— E[0((zX,) 'R'Y,)/0R] — E[0(Y, R"a) /oR]
—E[d(a"R"'Y,)/0R] + E[9((ZX,) '"R™'ZX,) /9R] 47
E[0((ZX,) 'R 'a)/oR] + E[d(a' R"'ZX,)/9R]
T
+a(aTR‘a)/aR> _8(5 log|R|)/OR
We use relations (18) and (15) to do the differentiation. Notice that all the terms in
the summation are of the form ¢" R™'b, and thus after differentiation, we group all the

¢ b inside one set of parentheses. Also there is a minus that comes from equation (18)
and cancels out the minus in front of —1/2.

aw/or = ZR ( ¥.¥] ]~ EY,(2X,)7] - E[ZX.¥]]

E[Y;a'] - E[a¥/] + E[ZX,(ZX,)'] + E[ZX,a"] + Efa(ZX,)"] ~ (43
+aaT>R_1§R_1

Pulling the parameters out of the expectations and using (ZY,)" = YtT 7", we have

O¥/oR = - ZR ( Y.Y'|-E[YX/'1Z" -ZEX, Y] - E[Y,Ja’ —aE[Y,]

ZR*I

+ZEXX|Z" +ZEX,]a" +aEX,]Z" + aaT) R — 5

(49)
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We rewrite the partial derivative in terms of expectations:

s ~ T - .
O¥/0R = 5 YR (Ot —yx,Z' —Zyx, —y,a' —ay,
t=1

(50)
5 - - T
+ZPZ +Zxa" +ax/ 7" + aaT> R — ER*I

Setting this to zero (a n x n matrix of zeros), we cancel out R~! by multiplying by R
twice, once on the left and once on the right, and get rid of the 1/2.

T ~
0=y (o, —yX,Z"T —Zyx| —y,a' —ay/
t=1

(5D
+ZP,Z" +7Zxa" + a’)Z,TZT + aaT) —TR
We can then solve for R, giving us the new R that maximizes ¥,
I N P
Rt = ?Z O, —yxZ —Zyx; —ya —ay,
=1 (52)
+ZP,Z" +7Zxa" + aSZlTZT + aaT)
As with Q, this derivation immediately generalizes to a block diagonal matrix:
R, 0 O
R=]0 R, O
0 0 Rs
In this case,
AN (6 T T T v
Rij+1= T Z 0:—yx,Z —Zyx, —ya —ay,
t=1 (53)

+ZP,Z" +7x,a" +ax 72" + aaT>
1

where the subscript i means we take the elements in the matrix in the big parentheses

that are analogous to R;. If R; is comprised of rows a to b and columns ¢ to d of matrix

R, then we take rows a to b and columns c to d of matrix subscripted by i in equation
(53).

3.8 Update equation for £ and A (unconstrained), stochastic initial
state

Shumway and Stoffer (2006) and Ghahramani and Hinton (1996) imply in their dis-
cussion of the EM algorithm that both & and A can be estimated (though not simulta-
neously). Harvey (1989), however, discusses that there are only two allowable cases:
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Xp is treated as fixed (A = 0) and equal to the unknown parameter § or xg is treated as
stochastic with a known mean & and variance A. For completeness, we show here the
update equation in the case of xy stochastic with unknown mean & and variance A (a
case that Harvey (1989) says is not consistent).

We proceed as before and solve for the new & by minimizing . Take the derivative
of ¥ with respect to & . Terms not involving &, equal 0 and drop out.

I¥/dE = —%(—3(E[~§TA"X0D/8§—3(E[XJA"§])/3§

(54)
+9(§'A'E)/0E)
Using relations (13) and (17) and using Al = (A’l)T, we have
1
W/ =~ (~ EXJA'] - EXJAT]+28"A7) (55)
Pulling the parameters out of the expectations, we get
1
oW /3t = —E(—ZE[XOT]A’I +28TATY) (56)

We then set the left side to zero, take the transpose, and cancel out —1/2 and Al (by
noting that it is a variance-covariance matrix and is invertible).

0= (A"E[Xo] +A"'E) = (% - §) (57)

Thus,
§j+1 =X (58)

X is the expected value of X conditioned on the data from ¢ = 1 to T, which comes
from the Kalman smoother recursions with initial conditions defined as E[Xo|Y =
¥ol =& and var(XoX{|Yo =y,) = A. A similar set of steps gets us to the update
equation for A, B

A1 =V (59

‘70 is the variance of X conditioned on the data from # = 1 to T and is an output from
the Kalman smoother recursions.

If the initial state is defined as at t = 1 instead of + = 0, the update equation is
derived in an identical fashion and the update equation is similar:

Ei1=Xi (60)

A=V, (61)

These are output from the Kalman smoother recursions with initial conditions defined
as E[X|Yo =y] =& and var(X;X{|Y¢ =y,) = A. Notice that the recursions are
initialized slightly differently; you will see the Kalman filter and smoother equations
presented with both types of initializations depending on whether the author defines
the initial state att =0 or ¢t = 1.

20



3.9 Update equation for & (unconstrained), fixed x

For the case where x is treated as fixed, i.e. as another parameter, then there is no A,
and we need to maximize d¥/dE using the slightly different ¥ shown in equation (6).
Now & appears in the state equation part of the likelihood.

oo — - (- EPCX QB2

— E[9((BE)'Q"'X1)/0E] + E[9((BE) ' Q"' (BE)) /0¢]

+ BR(BE)Q w0 + ER(TQ B3 )
(62)
— -3 (- Eoexi me) oy

EPETBTQX,)/3€) + EDE BTQ | (BE))/08
L EREBTQ )08 + EWuTQ‘B&)/aa])

After pulling the constants out of the expectations, we use relations (14) and (16) to
take the derivative:

oW /0t = f% ( EX|]'"Q'B—EX,]'Q'B
(63)
+2<§TBTQ1B+uTQ1B+uTQ1B)
This can be reduced to
0¥/t =EX,;]"Q 'B—¢'B'"Q"'B—u'Q 'B (64)

To solve for &, set the left side to zero (an m x 1 matrix of zeros), transpose the whole
equation, and then cancel out BT Q!B by multiplying by its inverse on the left, and
solve for &. This step requires that this inverse exists.

£=(B'Q 'B) 'B'Q '(EXi]-u) (65)
Thus, in terms of the Kalman filter/smoother output the new & for EM iteration j+ 1 is
&1 =B'Q'B)'B'Q (X ~u) (66)

Note that using, Xy output from the Kalman smoother would not work since A = 0. As
aresult, § il = & ; in the EM algorithm, and it is impossible to move away from your
starting condition for &.

This is conceptually similar to using a generalized least squares estimate of & to
concentrate it out of the likelihood as discussed in Harvey (1989), section 3.4.4. How-
ever, in the context of the EM algorithm, dealing with the fixed x case requires nothing
special; one simply takes care to use the likelihood for the case where x is treated as
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an unknown parameter (equation 6). For the other parameters, the update equations
are the same whether one uses the log-likelihood equation with x treated as stochastic
(equation 5) or fixed (equation 6).

If your MARSS model is stationary'® and your data appear stationary, however,
equation (65) probably is not what you want to use. The estimate of & will be the
maximum-likelihood value, but it will not be drawn from the stationary distribution;
instead it could be some wildly different value that happens to give the maximum-
likelihood. If you are modeling the data as stationary, then you should probably assume
that & is drawn from the stationary distribution of the X’s, which is some function of
your model parameters. This would mean that the model parameters would enter the
part of the likelihood that involves & and A. Since you probably don’t want to do that
(if might start to get circular), you might try an iterative process to get decent & and A
or try fixing & and estimating A (above). You can fix § at, say, zero, by making sure
the model you fit has a stationary distribution with mean zero. You might also need to
demean your data (or estimate the a term to account for non-zero mean data).

3.10 Update equation for & (unconstrained), fixed x|

In some cases, the estimate of xo from x; using equation 66 will be highly sensitive to
small changes in the parameters. This is particularly the case for certain B matrices,
even if they are stationary. The result is that your & estimate is wildly different from
the data at t = 1. The estimates are correct given how you defined the model, just not
realistic given the data. In this case, you might want to specify & as being the value
of x at r = 1 instead of t = 0. That way, the data at r = 1 will constrain the estimated
&. In this case, we treat x; as fixed but unknown, and the variance of X is zero. The
likelihood is then:

T T
1 _ 1
logL(y,x;0) = *Zg(yt —Zx,—a) R \(y, —Zx, —a) 72510g|R|
1 1
T T
1 _ 1 (67)
7Z§(x[7Bx1717u)TQ l(xththlfu)fz§10g|Q|
2 1

x =&

10 meaning the X’s have a stationary distribution
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oo = -3 (- ER R '28)/38
~ BO((28) RV )/08) + EP((ZE) R (28)) /28
+ER(29) R 'a)/08 + B R 28)/2])

(68)

-3 (- Eexio Bo g
~ EO((BE)TQ'X2)/08) + EA((BE) Q' (85)) /28

- ED((BE)TQ u)/E) + E[a(uTQ'Bﬁ)/ai])

Note that the second summation starts at = 2 and & is x; instead of xg.
After pulling the constants out of the expectations, we use relations (14) and (16)
to take the derivative:

oW /0t = —é(- E[Y,]'R'Z-E[y,]'R'Z

+2§TZTRlz+aTR'Z+aTR12>

| (69)
-5 < —EX2]"Q 'B—E[X,]'Q'B
—|—2€TBTQ1B+UTQ1B+UTQ1B)
This can be reduced to
0¥/ =E[Y|]'R'Z—E'Z'R'Z—a'R'Z
-|—EX T —IB_ TBT —lB_uT —IB
X2 Q EBQ Q (70)

=t (Z'R'Z+B"Q 'B)+E[Y|]'R'Z-a'R'Z
+EX;]'Q"'B—u’'Q'B

To solve for &, set the left side to zero (an m x 1 matrix of zeros), transpose the whole
equation, and solve for .

E=(Z'R'Z+B'Q 'B) (Z'R'(E[Y\]—a)+B'Q '(EX2] —u)) (7D
Thus, when & = x1, the new  for EM iteration j + 1 is

& =ZR'Z+B'Q'B) (Z'R'(§,—a)+B'Q ' (x2—uw)) (72
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4 The constrained update equations

The previous sections dealt with the case where all the elements in a parameter matrix
are estimated. In this section, I deal with the case where some of the elements are
constrained, for example when some matrix elements are fixed values or are linear
combinations of other elements.

Let’s say we have some parameter matrix M (here M could be any of the parameters
in the MARSS model) where each matrix element is written as a linear model of some
potentially shared values:

a+2c+2 0.9 c
M= —-1.2 a 0
0 3c+1 b

Thus each i-th element in M can be written as B; + By ia + Bp b + Pe,ic, which is a
linear combination of three estimated values a, b and ¢. The matrix M can be rewritten
in terms of a B; part and the part involving the B_ ;’s:

2 09 0 a+2c 0 ¢
M= |-12 0 of + 0 a 0| =Miixed +Miree
0 1 0 0 3¢ b

The vec function turns any matrix into a column vector by stacking the columns on top

of each other. Thus,

[a+2c+2]
—-1.2

vec(M) = a

We can now write vec(M) as a linear combination of f = vec(Mgixeq) and Dm =
vec(Mgree). m is a p X 1 column vector of the p free values, in this case p = 3 and
the free values are a,b,c. D is a design matrix that translates m into vec(Mjree ). For
example,

[a+2c+2] 1 2 0
-1.2 —-1.2 0 0 0
0 0 0 0
0.9 0.9 0 0 Of |a
vec(M) = a =| 0 [+(1 O Of [b| =f+Dm
3c+1 1 0 0 3| |c
c 0 0 0 1
0 0 0 0 0
| b ] . 0 | [0 1 0]




Table 3: Kronecker and vec relations. Here Aisnxm, Bismxp, Cis pxgq. aisamx1
column vector and b is a p x 1 column vector. The symbol ® stands for the Kronecker product:
A ® C is a np x mg matrix. The identity matrix, I,,, is a n X n diagonal matrix with ones on the
diagonal.

vec(a) = vec(a') =a

The vec of a column vector (or its transpose) is itself. (73)
vec(Aa) = (a' ®1,)vec(A) = Aa (74)
vec(Aa) = Aa since Aa is itself an m x 1 column vector.
vec(AB) = (I, @A) vec(B) = (B' ®1,,) vec(A) (75)
vec(ABC) = (C" ® A) vec(B) (76)
(A®B)(C®D)=(AC®BD) 7)
(a ®TIP)C = (a ®|'C) (78)
Cla' ®I)=(a'®C)

(a®I,)C(b' ®1,) = (ab' ®C) (79)
(a®a) = vec(aa') (80)

(a'®a')=(a®a)’ = (vec(aa”))"

There are constraints on D. Your D matrix needs to describe a solvable linear set of
equations. Basically it needs to be full rank (rank p where p is the number of columns
in D or free values you are trying to estimate), so that you can estimate each of the p free
values. For example, if a + b always appeared together, then a + b can be estimated but
not a and b separately. Note, if M is fixed, then D is undefined but that is fine because
in this case, there will be no update equation needed; you just use the fixed value of M
in the algorithm.

The derivation proceeds by rewriting the likelihood as a function of vec(M), where
M is whatever parameter matrix for which one is deriving the update equation. Then
one rewrites that as a function of m using the relationship vec(M) = f+ Dm. Finally,
one finds the m that sets the derivative of ¥ with respect to m to zero. Conceptually,
the algebraic steps in the derivation are similar to those in the unconstrained derivation.
Thus, I will leave out most of the intermediate steps. The derivations require a few new
matrix algebra and vec relationships; these are shown in Table 3.
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4.1 The general u update equations

Since u is already a column vector, it can be rewritten simply as u = f, + D, v, where
v is the column vector of estimated parameters in u. We then solve for d¥/dv by
replacing u with u = f,, 4D, in the expected log likelihood function. In the derivation
below, the u subscripts on f and D have been left off to remove clutter.

alp/au_—2< (EX; Q" (f+Dv)])/2v
—9(E[(f+Dv) Q" 'X,])/ov +9(E[(BX,—1) 'Q "' (f+Dv)]) /v ®1)
—I—a(E[(f—i—DD)TQlBXx—l])/al)—l—a((f—i-D‘o)TQ1(f+D1)))/81>)

The terms involving only f drop out (because they don’t involve v). This gives
o/ = 3 (3T Q"'v)) /v 2(EI(D0) Q1K) v

+(E[(BE,1)TQ"Du])/30+ (E[(DV) Q- B, 1)/ (82
+a(fTQ‘lDD)/%+3((D°)TQ‘1f)/3U+3((DD)TQ‘1D0)/9°>

Using the matrix differentiation relations in section 3.1, we get

oW /o0 = —— Z ( 2E[X,Q'D] +2E[(BX,_1) 'Q 'D]

(83)
+2fTQ—1D+2uTDTQ—1D>
Set the left side to zero and transpose the whole equation. Then we solve for v.
T
0=) (DT X,]-BE[X, 1] - )—DTQ‘DD) (84)
=1
Thus,
TD'Q 'Dv=D"Q! Z —BE[X,_1]—f) (85)
Thus, the updated v is
[ 15T -1 o ~
o1 =2 (0,Q'D) 'DQ Y (R —BXii 1) (86)
=1
and
Ui = f, + Duuj-‘rla (87)

If Q is diagonal, this will reduce to computing the shared free elements in u by averag-
ing over their values in the unconstrained u update matrix (equation 23.
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The update equation requires that D} ~'D, is invertible, and it will be if Q is a
proper variance-covariance matrix (positive semi-definite) and D, is full rank, as it will
be if a proper variance-covariance matrix is being specified!! and confounded elements
are not being specified'?. If Q has zeros on the diagonal however (a partially determin-
istic model), this would no longer be the case. See section 6 on the modifications to the
update equation when there some of the diagonal elements of Q are zero.

4.2 The general a update equation

The derivation of the update equation for a with fixed and shared values is completely
analogous to the derivation for u. If a = f, + D,0, where  is a column vector of the
estimated values then (with the a subscripts left of D and f)

1

aHl:?(DIR*ID 'D/R! Z —Zx 1) (88)

The new a parameter is then
a1 =f,+D.ojq, (89)

If R is diagonal, this will reduce just updating the free elements in a using their values
from the unconstrained update equation. Again D] R™!'D, must be invertible; see sec-
tion 6 on the modifications to the update equation when some of the diagonal elements
of R are zero.

4.3 The general § update equation, stochastic initial state

When xj is treated as stochastic with an unknown mean, the derivation of the update
equation for § with fixed and shared values is similar to the derivation for u and a. Let
&= fe +Dgp, where p is a column vector of the estimated values. Take the derivative
of ¥ (using equation 5) with respect to p:

¥/op= (XA —E'A)D (90)

Replace & with f+ Dp, set the left side to zero and transpose:

0=D" (A% —A"'f+A 'Dp) 91)
Thus,
P = (D{A'D) DA (Ro—f) 92)
and the new & is then,
Eiv1 =f+Depjyr, 93)

When the initial state is defined as at r = 1, replace Xo with X; in equation 92.

For example, a variance-covariance matrix where all the values are equal is not valid; it’s not positive
semi-definite. Try taking the inverse of such a matrix; it won’t work.

12For example, if your Q matrix had a + b always appearing together then a -+ b can be estimated but not
a or b separately. These two parameters would be confounded.
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4.4 The general & update equation, fixed x,

For the case where x is treated as fixed, i.e. as another parameter, take the derivative
of ¥ using equation (6):

o2/2p = 3~ BT Q"B+ Dp)/20
~ EQ((Bf+ Dp)) Q"'X1)/ap] + ER((B(F+Dp)" Q' (B(t + Dp)))/ap)

+E[0((B(f+Dp)) Q 'u)/dp] + E[(u’ Q 'B(f+ DP))/E)P])

~ -3 (- BPeT o B(r-Dp) /a0
~ E[((f+Dp) 'B'Q"'X,)/0p] + E[d((f+Dp) B Q"' (B(£+Dp)))/ap]
+E[0((f+Dp) 'B'Q 'w)/3p] + E[(u’Q 'B(f+ Dp))/ap}>

(94)

After pulling the constants out of the expectations, we use relations (14) and (16) to
take the derivative:

oW /op = —% ( —E[X,]"Q'BD-E[X;]"Q 'BD
+f'B'"Q 'BD+f'B'Q 'BD (95)
+2pTDTBTQIBD+uTQlBD+uTQ1BD>
This can be reduced to
o¥/op=EX,]'Q"'BD—f'B'"Q 'BD-p'D'B'Q 'BD—u'Q 'BD (96)

To solve for p, set the left side to zero, transpose the whole equation, and then cancel
out D' BT Q~!'BD by multiplying by its inverse on the left, and solve for p.

p=D'B'Q 'BD)"'D'B'Q !(E[X,] —u—Bf) 97)
Thus, in terms of the Kalman filter/smoother output the new p for EM iteration j+ 1 is
Pj+1 = (D{B'Q'BD;) 'D/B'Q ' (X; —u—Bf) (98)

This equation requires that the inverse of DgBTQ"BDg exists and it might not if B

has any all zero rows/columns. In that case, defining & = x; might work instead (section
4.5).

4.5 The general & update equation, fixed x;

When the initial state is defined at # = 1 instead of ¢ = 0, the derivation proceeds as in
section 4.4 but using the likelihood in section 3.10. In terms of the Kalman smoother
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output the new & for EM iteration j+ 1 when & =x; is
&1 = (D (Z'R'Z+B'Q 'B)D;) 'D{

99
(Z'R7'(y,—a—f:)+B'Q ' (X, —u—Bf)) o

4.6 The general B update equation

The matrix B is rewritten as B = Bgxed + Bfiee, thus vec(B) = f;, + DB, where B is the
p x 1 column vector of the p estimated values, f, = vec(Bfixed) and DpP = vec(Byree ).
Take the derivative of ¥ with respect to f; terms in ¥ that do not involve B also do not
involve B so they will equal 0 and drop out.

oW /0B =—= Z ( [0(X,Q 'BX,_;)/B]
E[0((BX,—1) Q 'X,)/0B] + E[3((BX,_1)'Q " (BX,_,))/oB] (100)
+ E[0((BX;-1)'Q 'u)/0B] + E[a(uTQ‘BXf—n/aB])

This needs to be rewritten as a function of f instead of B. Note that BX;_; is a column
vector and use relation (74) to show that:

BX,;_| = vec(BX;_1) = K, vec(B) = K, (f}, +DbB),

(101)
where K, = (X, | ®1)

Thus, 0¥/dP becomes (the b subscripts have been left off K, F and D):

T
¥ (- o0/ @ 'K(t-+B) B

1
2
E[0((K(f+DB))"Q'X,)/dp] (102)
E[9((K(f+DB)) Q 'K(f+DB))/oB]

(

E[0((K(f+DB)) Q 'u)/oB] + E[0 (uTQIK(fﬂLDB))/aBJ)

After a bit of matrix algebra and using d(a'¢)/0a = d(c ' a)/0a, relation (13), and that
partial derivatives of constants equal 0, the above can be simplified to

W /9P —
~3 3 (2600 Q ' KDB) 9B+ 2ER((K0 O 'KDB)/B] (s

| E[((KDB)"Q 'KDB)/ap] +2E[a(uTQ'KDI3)/8I3]>
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Using relations (13) and (17), using Q' = (Q_I)T, and getting rid of the —1/2, we
have

oW /0B = Z( Q 'KD] - E[(Kf)'Q 'KD]
(104)

_EBT(KD)" Q" (KD)| - E[uTQ—le)

The left side can be set to 0 (a 1 X p matrix) and the whole equation transposed, giving:

0 ¥ (BlKD) @ 1x,) El(kD) @ Kr
= (105)

~ E[(KD)TQ ' (KD)]B - E[(KD)Tq'u])

Replacing K with (X, | ®1T), we have

0=

T

=1
(X7, ®DD)TQ (X, e DI~ E[(X] , ®I>D>TQ-1u1)

This looks daunting, but using relation (74) and noting that (A®B)" = (AT @B "),
we can simplify equation (106) using the following:

X" oDQ 'u= (X, ®1)Q 'u
= (X;_1 ®I)vec(Q 'u), because Q 'u is a column vector

= vec(Q 'u(X,_;)"), using relation (74)

Similarly,
X, oDQ'X, = vec(Q'X,X," )
Using relation (79):
X1 eL)' Q' X eL)f=X 1X_,eQ ")
Similarly,

X1 e)'Q (X, @IDB= (X, X, ©Q ")DB

Using these simplifications in equation (106), we get

T
0= Z( Tvec(Q'X. X" )] —ED' (X, 1 X", ®Q ]
=1 (107)

CEDT (XX ©Q ) 1B—E[DTvec<Q'uxL>})
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Replacing the expectations with the Kalman smoother output (section 5.1), we arrive
at:

T
0 = Z (DT VeC(Qilﬁt.’t_l) _DT(f’t—l ®Q71)f
t=1

(108)
-D'(P_;®Q "DB-D" vec(Q‘u(sz,_l)T)>
Solving for B,
T - T ~
Bivi= (ZDZ P 2Q"! ) (Z vec(Q P, 1)
t=1 t=1 (109)

— (P ©Q " )fy — vec(Q™ uszl))>

This requires that D, (P,_1 ®Q~")D, is invertible, and it should be since (P,_; Q)
is invertible'? and D, will not have any all zero columns (all zero rows are fine).
Combining B j+1 With Bgyeq, we arrive at the vec of the updated B matrix:

vec(Bjy1) =f, +DpB i1, (110)

When there are no fixed or shared values, Bgxeq equals zero and Dj, equals an identity
matrix. Equation (109) then reduces to the unconstrained form. To see this take the vec
of the unconstrained update equation for B and notice that Q! can be factored out.

4.7 The general Z update equation

The derivation of the update equation for Z with fixed and shared values is analogous
to the derivation for B. The matrix Z is rewritten as Z = Zixed + Zfree, thus vec(Z) =
f, + D, where { is the column vector of the p estimated values, f; = vec(Zxeq) and
D.£ = vec(Zgee). With the z subscript dropped off D and f, the update equation for Z
is

Cj1= (i(D (P,@R! ) (Z vec(R™1yx,)

=1 (111)
— (P, @R . — vec(Rla'itT)))
Combining { j+1 With Zgyeq, we arrive at the vec of the updated Z matrix:
vec(Zj1) =f, + DL (112)

This requires that D (P, @ R™)D; is invertible, and it should be since (P; @ R™") will
normally be invertible'* and D. has no all zero columns.

3¢ Q has zeros on the diagonal, the equation needs to be altered. See section 6.
I41f R has zeros on the diagonal, the equation is altered; see section 6.
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4.8 The general Q update equation

A general analytical solution for fixed and shared elements in Q is problematic because
the inverse of Q appears in the likelihood and because Q' cannot always be rewrit-
ten as a function of vec(Q). It might be an option to use numerical maximization of
d¥/dg; j where g ; is a free element in Q, but this will slow down the algorithm enor-
mously. However, in a few important special—yet quite broad— cases, an analytical
solution can be derived. The most general of these special cases is a block-symmetric
matrix with optional independent fixed blocks (subsection 4.8.5). Indeed, all other
cases (diagonal, block-diagonal, unconstrained, equal variance-covariance) except one
(a replicated block-diagonal) are special cases of the blocked matrix with optional in-
dependent fixed blocks.
The general update equation for this case is

1 _
gj1 = ?(DqTDq) IDJ vec(S)

vec(Q) 41 = +Dyg 41
T ~ (113)
Whel‘e S = Z (P[ - P[’tleT - BP[7]7[ —F)lelT - u’i[T‘i_

t=1

BP,_ B’ +BX,_ju' +u§,T_1BT —I—uuT)

The matrices f,, D, and g have their standard definitions. The vec of Q is written
in the form of vec(Q) = f, +D,q, where f, is a m> x 1 column vector of the fixed
values including zero, Dy is the m? x p design matrix, and ¢ is a column vector of the
p free values. This requires that (D;Dq), which in a valid model must be true; if is
not true you have specified an invalid variance-covariance structure since the implied
variance-covariance matrix will not be full-rank and thus not invertible and thus an
invalid variance-covariance matrix.

Below I show how the Q update equation arises by working through a few of the
special cases. In these derivations the g subscript is left off the D and f matrices.

4.8.1 Special case: diagonal Q matrix (with shared or unique parameters)

Let Q be a diagonal matrix with fixed and shared values. For example,

¢t 0 0 0 0
0 fi 0 0 0
Q=[0 0 ¢ 0 0
00 0 f O
00 0 0 ¢

Here, f’s are fixed values (constants) and g’s are free parameters elements. The vec
of Q! can be written then as vec(Q ') = £, +D,q*, where f" is like f; but with the
corresponding i-th non-zero fixed values replaced by 1/ f; and g* is a column vector of
1 over the g; values. For the example above,

e

32



Take the partial derivative of W with respect to g*. We can do this because Q! is
diagonal and thus each element of g* is independent of the other elements; otherwise
we would not necessarily be able to vary one element of g* while holding the other
elements constant.

ow/og" — 1 ¥ 3( BIX Q1K) - EIX] @ 'BX,
t=1

—E[(BX, 1) 'Q"'X,] - E[X, Q 'u]
—Eu'Q 'X,]+ E[(BX,—1)'Q 'BX,_i] (114)

+ E[(BX,_1)"Q 'u]+ Eu'Q 'BX,_|] +uTQ1u) /oq*
T
—9( log|Ql) /9g"

Using the same vec operations as in the derivations for B and Z, pull Q! out from the
middle and replace the expectations with the Kalman smoother output.!?

ow/oq" =3 Y0 B X7~ B (8X,-1)T] - E[(BX, 1) o))

t=1
—EX,/ ®u']-Elu' @X,']+ E[(BX,-1)" © (BX,-1)']

N —

+E[BX,_)) @u'|+Eu’'®BX, )"+ @’ ®uT)> vec(Q!)/og*

T
—8<210g|Q|)/8q* (115)

1
2

d(vec(S)") vec(Q ') /og* +a(g log|Q ") /og*

M~

t
T ~ ~ ~
whereS= Y (P, —P,,_ B’ —BP,_;, —Xu' —ux, +
t=1
BP,_ B’ +B%_ju' +ux B’ +uu')

Note, I have replaced log|Q| with —log|Q™!|. The determinant of a diagonal matrix
is the product of its diagonal elements. Thus,

0¥ /og* = — (;wc(S)T(f* +Dg*)
(116)

5 oe(f)-+Tog(f3)-Aloglqi) + Nog(a3)-.) ) 24"

where k is the number of times ¢ appears on the diagonal of Q and / is the number of

15 Another, more common, way to do this is to use a “trace trick”, trace(aTAb) = trace(AbaT), to pull
—1
Q ' out.
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times g, appears, etc. Taking the derivatives,

.1 T . .

o¥/oq* == EDT vec(S) — E(log(fl )+ ...klog(q7) +log(g3)...) /og*
(117)
= %DT vec(S) — gDTDq

D'Disa p % p matrix with k, [, etc. along the diagonal and thus is invertible; as usual,
p is the number of free elements in Q. Set the left side to zero (a 1 X p matrix of zeros)
and solve for g. This gives us the update equation for Q:
1
1=—(D'D)"'D" vec(S
gj+1 = 7(D'D) "D vee(s) W)
vec(Q)j+1 =f+Dgjs

where S is defined in equation (115) and, as usual, D and f are the parameter specific
matrices. In this case, D =D, and f = f,.

4.8.2 Special case: Q with one variance and one covariance

a B B B flo,B) glo,B) g(a,B) g(a,B)
0= B o B B o' = g(a,B)  f(o,B) g(o,B) g(a,B)
BB ap g(a,B) gla,B) fla,B) gla,B)
BB B « g(a,B) g(a,B) glo,p) fla,B)

This is a matrix with a single shared variance parameter on the diagonal and a single
shared covariance on the off-diagonals. The derivation is the same as for the diagonal
case, until the step involving the differentiation of log |Q~|:

T
0¥ /oq* = 8<— % Y (vec(S)")vec(Q ')+ glog |Q_1|) /oq* (119)
=

It does not make sense to take the partial derivative of log |Q ! | with respect to vec(Q™!)
because many elements of Q! are shared so it is not possible to fix one element
while varying another. Instead, we can take the partial derivative of log |Q_1| with
respect to g(a, B) which is ¥.(; j1ecer, 9108 |Q'|/9g*; ;. Set g is those i, j values where
q* = g(a,B). Because g() and f() are different functions of both c and B, we can hold
one constant while taking the partial derivative with respect to the other (well, presum-
ing there exists some combination of o and B that would allow that). But if we have
fixed values on the off-diagonal, this would not be possible. In this case (see below),
we cannot hold g() constant while varying f() because both are only functions of o

a f f f flo) gla) gla) gla)
o=/ Q' = gla) flo) gla) gla)
f f o f gla) gla) flo) gla)
f f f «a g(a) gla) gla) f(ao)
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Taking the partial derivative of log |Q~!| with respect to g* = [§ EZE; |, we arrive at

the same equation as for the diagonal matrix:
1 T
o¥/dq* = EDT vec(S) — EDTDq (120)

where again DD is a p x p diagonal matrix with the number of times f(a., B) appears
in element (1, 1) and the number of times g(c, B) appears in element (2,2) of D; p =2
here since there are only 2 free parameters in Q.

Setting to zero and solving for g* leads to the exact same update equation as for the
diagonal Q, namely equation (118) in which f, = 0 since there are no fixed values.

4.8.3 Special case: a block-diagonal matrices with replicated blocks

Because these operations extend directly to block-diagonal matrices, all results for in-
dividual matrix types can be extended to a block-diagonal matrix with those types:

B, 0 0
Q=|0 B, 0
0 0 By

where B; is a matrix from any of the allowed matrix types, such as unconstrained,
diagonal (with fixed or shared elements), or equal variance-covariance. Blocks can
also be shared:

B, 0 0
Q=0 B, 0
0 0 B,

but the entire block must be identical (B, = B3); one cannot simply share individual
elements in different blocks. Either all the elements in two (or 3, or 4...) blocks are
shared or none are shared.

This is ok:
c d d 0 0 0
d ¢ d 0 0 O
d d ¢ 0 0 O
0 0 0 ¢ d d
0 0 0 d ¢ d
0 0 0 d d ¢
This is not ok:
c d d oo c d d 0 0 0
d ¢ d 00 0
d ¢ d 0 0
d d ¢ 0 0 0
d d ¢ 0 0] nor
0 0 0 ¢ e e
0 0 0 ¢ d
00 0 d e 0 0 0 e ¢ e
0 0 0 e e c

The first is bad because the blocks are not identical; they need the same dimensions as
well as the same values. The second is bad because again the blocks are not identical;
all values must be the same.
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4.8.4 Special case: a symmetric blocked matrix

The same derivation translates immediately to blocked symmetric Q matrices with the
following form:

Er Cip Ciz
Q= |Cip Ey GCy3
Cizg C3 Es

where the E are as above matrices with one value on the diagonal and another on the
off-diagonals (no zeros!). The C matrices have only one free value or are all zero.
Some C matrices can be zero while are others are non-zero, but a individual C matrix
cannot have a combination of free values and zero values; they have to be one or the
other. Also the whole matrix must stay block symmetric. Additionally, there can be
shared E or C matrices but the whole matrix needs to stay block-symmetric. Here are
the forms that IE and C can take:

a p p B X X X X 0000
_|Ba B B _xoxox ox 0000
=18 B a B =1y % x x| ™o oo o0
BB B a X X X X 0000
The following are block-symmetric:
E (C1,2 (C]ﬂg E C C
Ci2 E, C3| and |C E C
Cizg Gz Es C C E
E C Ci
and | C; E; Cip
Cip Cip Ep
The following are NOT block-symmetric:
(CLQ EQ (Cg‘g and 0 El (Cz and 0 El (Cl.g
0 G Es C G E; Cip Cip E;
U Cip Cis Dy Cip Cis
and CI,Z EQ ([3273 and Cl!z E2 C2,3
Ciz Cy3 Es Ciz Cy3 Es

In the first row, the matrices have fixed values (zeros) and free values (covariances)
on the same off-diagonal row and column. That is not allowed. If there is a zero on
a row or column, all other terms on the off-diagonal row and column must be also
zero. In the second row, the matrix is not block-symmetric since the upper corner is an
unconstrained block (Uy) in the left matrix and diagonal block (D) in the right matrix
instead of a equal variance-covariance matrix (E).
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4.8.5 The general case: a block-diagonal matrix with general blocks

In it’s most general form, Q is allowed to have a block-diagonal form where the blocks,
here called G are any of the previous allowed cases. No shared values across G’s;
shared values are allowed within G’s.

G 0 0
Q=0 G, 0
0 0 Gi

The G’s must be one of the special cases listed above: unconstrained, diagonal (with
fixed or shared values), equal variance-covariance, block diagonal (with shared or un-
shared blocks), and block-symmetric (with shared or unshared blocks). Fixed blocks
are allowed, but then the covariances with the free blocks must be zero:

F 0 0 0
1o G 0 o0
=10 0 @ o
0 0 0 G

Fixed blocks must have only fixed values (zero is a fixed value) but the fixed values can
be different from each other. The free blocks must have only free values (zero is not a
free value).

4.9 The general R update equation

The R update equation for blocked symmetric matrices with optional independent fixed
blocks is completely analogous to the Q equation. Thus if R has the form

F 0 0 0
o o o
R=10 0 G o
0 0 0 G

Again the G’s must be one of the special cases listed above: unconstrained, diagonal
(with fixed or shared values), equal variance-covariance, block diagonal (with shared
or unshared blocks), and block-symmetric (with shared or unshared blocks). Fixed
blocks are allowed, but then the covariances with the free blocks must be zero

The update equation is

1 B T
P = 1 (D7D D] vec( YR

t=1

(121)
VCC(R)j+1 =f, +Der+1
The R; 11 used at time step # in equation (121) is the term that appears in the summa-
tion in the unconstrained update equation with no missing values (equation 52):
R j+1= <6t - y\itZT - Zﬁ: _§taT - a??
(122)
+ZPZ" +Z%a  +ax 7" + aaT>
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5 Computing the expectations in the update equations

For the update equations, we need to compute the expectations of X; and Y, and their
products conditioned on 1) the observed data ¥ (1) = y(1) and 2) the parameters at
time ¢, ®;. This section shows how to compute these expectations. Throughout the
section, I will normally leave off the conditional ¥ (1) =y(1),®; when specifying an
expectation. Thus any E[] appearing without its conditional is conditioned on ¥ (1) =
¥(1),0;. However if there are additional or different conditions those will be shown.
Also all expectations are over the joint distribution of XY unless explicitly specified
otherwise.

Before commencing, we need some notation for the observed and unobserved ele-
ments of the data. The n x 1 vector y, denotes the potential observations at time 7. If
some elements of y, are missing, that means some elements are equal to NA (or some
other missing values marker):

M
NA

Y3
= 123
Y Va4 (123)
NA

Yo
We denote the non-missing observations as y,(1) and the missing observations as y,(2).

Similar to y,, ¥; denotes all the ¥ random variables at time ¢. The ¥;’s with an obser-
vation are Y, (1) and those without an observation are denoted ¥,(2).

Let th be the matrix that extracts only ¥, (1) from ¥, and ,(2) be the matrix that
extracts only ¥,(2). For the example above,

1 000 0O
1 1 001 0 0O

00000 1 (124)
2 2 01 0 0 0O

We will define another set of matrices that zeros out the missing or non-missing

values. Let It(l) denote a diagonal matrix that zeros out the ¥,(2) in ¥, and I,(2> denote
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a matrix that zeros out the ¥, (1) in Y. For the example above,

1 000 0O

000 O0O0O
N R I

000 0 0O

0 00 0 01

- z (125)

000 0 0O

01 0 0 0O
O R

000 01O

00 0 0 0 0

5.1 Expectations involving only X,

The Kalman smoother provides the expectations involving only X, conditioned on all
the data from time 1 to 7.

X, = E[X/] (126a)
V, = var[X;] (126b)
Vi1 =coviX, X, 1] (126¢)
From X;, {7,, and {7“,1, we compute

P,=EXX/|=V,+xx/ (126d)
P, =EXX/ =V, 1 +%% , (126¢)

The f’t and IN’,J_l equations arise from the computational formula for variance (equa-
tion 11). Note the smoother is different than the Kalman filter as the filter does not
provide the expectations of X; conditioned on all the data (time 1 to 7') but only on the
data up to time ¢.

The classic Kalman smoother is an algorithm to compute these expectations condi-
tioned on no missing values iny. However, the algorithm can be easily modified to give
the expected values of X conditioned on the incomplete data, Y (1) =y(1) (Shumway
and Stoffer, 2006, sec. 6.4, eqn 6.78, p. 348). In this case, the usual filter and smoother
equations are used with the following modifications to the parameters and data used in
the equations. If the i-th element of y, is missing, zero out the i-th rows iny,, a and Z.
Thus if the 2nd and 5th elements of y, are missing,

Y1 ai 21,1 212
0 0 0 0o ..
y3 as 231 232 .-
= a = 7= | ' 127
S I R P 41 U2 - (127)
0 0 0 0
Y6 ag 26,1 262
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The R parameter used in the filter equations is also modified. We need to zero
out the covariances between the non-missing, y,(1), and missing, y,(2), data. For the
example above, if

ripo ri2 ri3 o r4a ris o fig
1 T2 N3 4 s Te
R— |/31 732 733 7134 7135 TI36 (128)
F41 F4p  F43  T4a4 T45  T4p
rs1 Isp Ir53 Fs54 Fss TIsg
re1 Te2 163 tea Te5 Tep

then the R we use at time #, will have zero covariances between the non-missing ele-
ments 1,3,4,6 and the missing elements 2,5:

rig 0 3z rna 0 g
0 ) 0 0 s 0
r31 0 n3 g 0 n3g

— 129
"m0 m3 onma 00 rge (129)
0 rso 0 0 rss 0
re1 0 re3 rea 0 reg
Thus, the data and parameters used in the filter and smoother equations are
1
Vi = E ))’t
a = Ifl) a
N (130)
z,-1"z

a;, Z; and R, only are used in the Kalman filter and smoother. They are not used in the
EM update equations. However when coding the algorithm, it is convenient to replace
the NAs (or whatever the missing values placeholder is) in y, with zero so that there is
not a problem with NAs appearing in the computations.

5.2 Expectations involving Y,

First, replace the missing values in y, with zeros'® and then the expectations are given
by the following equations. The derivations for these equations are given in the sub-

16The only reason is so that in your computer code, if you use NA or NaN as the missing value marker,
NA-NA=0 and 0*NA=0 rather than NA.
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sections to follow.

= E[Y,] =y, — Vi(y, — Zx — a) (131a)

= E[Y; YT]fI D(V,R+V,ZV,Z' VI + 5,5 (131b)

— E[Y X ] VN, +¥,X (131c)

¥X,,—1 = EY . X ] VIV +¥%, (131d)

wherev,—l R( ) @URrQM )10 (131e)
and 1Y = (@)@ (131f)

Ify, is all missing, Q,(I) is a 0 x n matrix, and we define (Qt(l))T(QEI)R(QEI))T)’lgt(I)
to be a n X n matrix of zeros. If R is diagonal, then R(Q,(l))T(QSUR(Q,“))T)_IQ,(I) =
I,(l> and V, = I,<2) . This will mean that in'y, the y,(2) are given by ZX; + a, as expected
when y,(1) and y,(2) are independent.

If there are zeros on the diagonal of R (section 6), the definition of A; is changed

slightly from that shown in equation 131. Let Um be the matrix that extracts the
elements of y, where y, (i) is not missing and R(i,) is not zero. Then

v, =1-RO) @ R@G) )6 (132)

5.3 Derivation of the expected value of Y,

In the MARSS equation, the observation errors are denoted v;. This is a specific real-
ization from a random variable V; that is distributed multivariate normal with mean 0
and variance R. V; is not to be confused with V; in equation 126, which is unrelated!”
to V;. If there are no missing values, then we condition on Y, =y, and

EY,[Y(1) =y(1)] = EY.[Y, =y] =y, (133)
If there are no observed values, then
E[Y,[Y(1)=y(1)] = E[Y,] = E[ZX, +a+V,]=Zx;+a (134)

If only some of the Y, are observed, then we use the conditional probability for a
multivariate normal distribution (here shown for a bivariate case):

Y wl [Zn Zi2
It, ~ MVN , 135
[Y2] < L‘J {221 222} > (139

MY1=y1)=y, and

(Y21 =y1) ~ MVN(z,X), where
i=+E0% (0 — )
Z12222—221211 X2

Then,

(136)

171 apologize for the confusing notation, but V, and v, are somewhat standard in the MARSS literature
and it is standard to use a capital letter to refer to a random variable. Thus V; would be the standard way to
refer to the random variable associated with v;.
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From this property, we can write down the distribution of ¥, conditioned on ¥, (1) =
¥, (1) and X, = x;:

Y. ()|X: =x QEI)(ZxHra) Rii1 R

[Yt(2)|X,:xt sz)(zx,-g-a) "IRip1t Rio (137)
Thus,

¥ ()Y, (1) =y,(1).X =x) =0y, and

(¥,(2)[¥,(1) =y,(1),X, =x,) ~ MVN(ii,£) where

(2) —10() (138)
=" (Zx; +a) + R 21 (Re 1)~ Q7 (v, — Zx, — )

=R -Roi(R11) 'R

Note that since we are conditioning on X; = x;, we can replace ¥ by Y; in the
conditional:

EY,Y(1)=y(1),X; =x] = E[Y,|Y,(1) =y,(1),X: =x].
From this and the distributions in equation (138), we can write downy, = E[Y,|Y (1) =
}’(1)7®j}:
Y, = Exy[Y[¥Y (1) = y(1)]
= [ [ 3 Gulyi(1)x)ay, ()
X JY,

= Ex[Ey[Y/|Y:(1) =y,(1),X, =x]] (139)

= Ex[y, — Vi(y, —ZX; —a)]

=y, — Vi(y, —Zx; —a)

where V, =1— R(Qt(l))T(Rt,ll)_l'Qt(l)

(Qfl))T(R,,U)*Q,(l) is a n X n matrix with Os in the non-(11) positions. If the k-th
element of y, is observed, then k-th row and column of V; will be zero. Thus if there

are no missing values at time ¢, V; = I —I = 0. If there are no observed values at time
t, V, will reduce to 1.

5.4 Derivation of the expected value of Y,Y,

The following outlines a'® derivation. If there are no missing values, then we condition
onY,; =y, and

E[Y.Y/[Y(1)=y(1)] = E[Y,Y, Y, =y,]

(140)
:}’tytT'

18The following derivations are painfully ugly, but appear to work. There are surely more elegant ways
to do this; at least, there must be more elegant notations.
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If there are no observed values at time ¢, then

E[YY/]
— var[ZX, +a+V,]+ E[ZX, +a+ V,|E[ZX, +a+ V]’
= var[V,] + var[ZX,] + (E[ZX, +a] + E[V,])(E[ZX, +a] + E[V,]) "
=R+2ZV,Z" + (ZX, +a)(ZX, +a)"

(141)

When only some of the ¥, are observed, we use again the conditional probability
of a multivariate normal (equation 135). From this property, we know that

Vary|x[Yz(2)Yz(2)T\Yz(1 y,(1),X; =x] =R —Ri21(Re11) 'Ry 12,

)=
vary 8, (D, (1) =3, (1).X, =] = 0
and covyy[Y;(1),Y:(2)[Y:(1) =y,(1),.X; =x] =0

Thus Vary|x[Y,\Y,(1) =y,(1),X; =x]
= (@) (R, —Ri2i(Ri11) 'R 12) @
_ (Q§2>)T<QI(Z)R(QI(2)>T _Ql(2)R(Qt(1))T(Rt7“)719§1)R(Q§2))T)Q1(2)
=1 R-R@") (R 1) QR
—1”V,R1?
(142)

The I,<2> bracketing both sides is zero-ing out the rows and columns corresponding to
the y,(1) values.

Now we can compute the Exy[V,¥,'|Y (1) = y(1)]. The subscripts are added to
the E to emphasize that we are breaking the multivariate expectation into an inner and
outer expectation.

6t = EXY[YtYﬂY(l) =y(1)] = EX[EY‘X[Y,Y,T|Y,(1) =y,(1),X; =x]]
= EX [Vary‘x[YAY[(]) Zy,(l),X, :x[}
+ EY\X[YI|Yt(1) =y,(1),X; :xt}Ele[Yl‘Yt(l) =y,(1),X; :xt]T}
= Ex[IViRL® )+ Ex [, ~ Vi(y, ~ ZX, — ), ~ Vi(y, ~ ZX, —a))T] (143)
= IV.RE? + vary [y, - Vi(y, — ZX; —a)]
+ Ex[y, = Vi(y, — ZX, — a)|Ex[y, — V. (y, — ZX, _a)]T
—1PV,R1? +17v,zv,2" V17 +5.5)
Thus,
0, =1V (VR+V.ZV,Z VI +3,5, (144)
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5.5 Derivation of the expected value of Y, X,
If there are no missing values, then we condition on Y, =y, and
E[Y.X/[Y (1) =y(1)] =y, EX/] =y%/
If there are no observed values at time ¢, then
E[Y. X/ Y (1) =y(1)]
= E[(ZX, +a+V,)X/]
= E[ZX, X, +aX] +V.X/]
=ZP, +ax, + cov[V;, X, + E[V,]E[X,]"
= 7P, +ax,

(145)

(146)

Note that V, and X, are independent (equation 1). E[V,;] =0 and cov[V,,X,] =0.

Now we can compute the Exy [YZX;F|Y(1) =y(1)].
¥%, = Exy[Y. X/ [Y (1) = y(1)]

= cov[Y, X:[¥;(1) =, (1)]+ Exy[Y:[¥ (1) = (1) Exy [X/ [Y (1) = y(1)] "

= cov]y, —Vi(y, —ZX, —a) + V; X/] ‘i‘?tf)zt—r

= covly,,X;] — cov[V,y,,X;] + cov[V,ZX,,X,] + cov[V,a,X,]
+ cov[Vi X ]+

=0—-0+V,ZV,+0+0+¥,X,

= VIZVI +§t§zT

(147)

This uses the computational formula for covariance: E[YX '] = cov[Y,X]+ E[Y]E[X] .
V; is a random variable with mean 0 and variance R; 2 — R, 2 (Rm])*lR,_u from

equation (138). Vi and X, are independent of each other, thus cov[V;,X,'] = 0.

5.6 Derivation of the expected value of ¥ X, |

The derivation of E[Y,X," ] is similar to the derivation of E[Y, X, ]:

%, = Exy[Y: XY (1) =y(1)]

= cov[Yr, Xe—1[¥:(1) =y, (1)] + Exy [Y:|¥ (1) = y(1)] Exy[X,_,[Y (1) = y(1)] T

= covly, — V,(y, — ZX, —a) + V; X, 1] +¥,X_,

= covly,,X;—1] — cov[V,y,,X;_1] + cov[V,ZX,, X, 1]
+ cov[V,a,X, 1]+ cov[VE X, 1] +¥,X.

=0—0+V,ZV,, 1 +0+04+¥X

=ViZV, 1 +Y X
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6 Degenerate variance modifications

It is possible that the model has deterministic and probabilistic elements; mathemati-
cally this means that one or the other of R or Q have zeros on the diagonal in which case
some of the observation or state processes are deterministic. Assuming the model is
solvable (one solution and not over-determined), we can modify the Kalman smoother
and EM algorithm to handle models with deterministic elements. The motivation be-
hind the degenerate variance modification is that we want to use one set of EM update
equations for all models in the MARSS class—regardless of whether they are partially
or fully degenerate. The notation here is painful, but the actual math is not difficult to
implement.
As an example of a solvable versus unsolvable model, consider the following. If

0 0 0 0
0 a0 0 0
R=10 0 »+0 o (149)
0 0 0 0

c d 0 c 0 0
~lz2(2,1) z2(2,2) z(2,3) z(2,1) z(2,2) z(2,3)
Ziaa = 2(3,1) z(3,1) z(3,1)|’ Zok = 2(3,1) z(3,1) z(3,1) (150)
c d 0 c d#0 0

Because y,(1) and y,(4) have zero observation variance, the first Z reduces to this for
x(1) and x,(2):

[y (1)] _ [ex, (1) +dx,(2)] (151)
e(4)]  [ex (1) +dx (2)]
and since y;(1) # y,(4), potentially, that is not solvable. The second Z reduces to
[ye(1)] ex (1)
= 152
Wi(@)| T Lex(1)+dx(4), (152)

and that is solvable for any y,(1) and y,(4) combination. Notice that in the latter case,
x:(1) and x,(2) are fully specified by y;(1) and y;(4). This property will be used below
to deal with numerical errors that crop up when diagonal elements of R are equal to
zero.

6.1 Kalman filter and smoother modifications

In principle, when one of the Q or R variances is zero!?, the standard Kalman fil-
ter/smoother equations would still work and provide the correct state outputs and like-
lihood. In practice however errors will be generated if one passes a variance matrix
with zeros on the diagonal because under certain situations, one of the matrix inverses

19The corresponding covariances will also be zero.
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will involve a matrix with a zero on the diagonal in the Kalman filter/smoother equa-
tions and this will lead to an the computer code throwing an error.

When R has zeros on the diagonal, problems arise in the Kalman update part of the
Kalman filter. The Kalman gain®® is

K =V'z2(z V72 +R,)™! (153)

Here, Z, is the missing values modified Z matrix with the i-th rows zero-ed out if the
i-th element of y, is missing (section 5.1, equation 127). Thus if the i-th element of y,
is missing and the (i,i) element of R is zero, the (i,i) element of (Z,V!~"'Z +R,) will
be zero also and one cannot take its inverse. In addition, if the initial value x; is treated
as fixed but unknown then V(l) will be a m x m matrix of zeros. Again in this situation
(Z,Vi~'Z] +R,) will have zeros at any (i, ) elements where R is also zero.

The first case, where zeros on the diagonal arise due to missing values in the data,
can be solved using the matrix which pulls out the rows and columns corresponding to

the non-missing values (Q,m ). Replace (Z,Vi_IZtT + R,) “in equation (153) with

oM (154)

@ (@ @V 2] R @")T)
Wrapping in QEI)(QW)T gets rid of all the zero rows/columns in Z,VI~'Z +R,,
and the matrix is reassembled with the zero rows/columns reinserted by wrapping in
(Q;”)TQ,(I). This works because R; is the missing values modified R (section 1.3) and
is block diagonal across the i and non-i rows/columns, and Z, has the i-columns zero-
ed out. Thus removing the i columns and rows before taking the inverse has no effect
on the product Z,(...)~!. When V(l) =0, set K| = 0 without computing the inverse (see
equation 153 where V(1) appears on the left).

There is also a numerical issue to deal with. When the (i,i) elements of R are
zero, some of the elements of x; may be completely specified (fully known) given y,.
Let’s call these fully known elements of x;, the k-th elements. In this case, the k-th
row and column of V! must be zero because given y; (i), x; (k) is known (is fixed) and
its variance, Vi(k,k), is zero. Because K, is computed using a numerical estimate of
the inverse, the standard Vﬁ update equation (which uses K;) will cause these elements
to be close to zero but not precisely zero, and they may even be slightly negative on
the diagonal. This will cause serious problems when the Kalman filter output is passed
on to the EM algorithm. Thus after V! is computed using the normal Kalman update
equation, we will want to explicitly zero out the k rows and columns in the filter.

When Q has zeros on the diagonal, then we might also have similar numerical
errors in J in the Kalman smoother. The J equation?! is

J =V B (V)

(155)
where V:"' =BV!"|B" +Q

20Refer to Shumway and Stoffer, e.g., for the Kalman filter equations. I am skipping over that to just
show the changes to the recursion equations.
21 Again, refer to Shumway and Stoffer for the Kalman filter recursions.
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If there are zeros on the diagonals of (A and/or B) and Q and these zeros line up, then
if the B and B(") elements in B are blocks?2, there will be zeros on the diagonal of
V!. Thus there will be zeros on the diagonal of V/~! and it cannot be inverted. In this
case, the corresponding elements of VZT need to be zero since what’s happening is that
those elements are deterministic and thus have 0 variance.

We want to catch these zero variances in V! ~! so that we can take the inverse. Note
that this can only happen when there are zeros on the diagonal of Q since BV;:}BT
can never be negative on the diagonal since BB' must be positive-definite and so is
V!~ 1. The basic idea is the same as above. We replace (V:~1)~! with:

@) (@ (ViY@ ") e, (156)

. . . _ 1
where Q;, is a matrix that removes all the positive V/ ! rows analogous to Q,( ),

6.2 EM algorithm modifications

[1/25/2012 note. This whole section is under construction and very rough, but I'm
posting as is to get version 2.9 up.]

The constrained update equations for Q and R (either diagonal w/o missing values
or non-diagonal with no missing values) work fine because they deal with fixed values
(in this case, zeros) and the derivation does not involve any inverses of non-invertible
matrices. However if R is non-diagonal and there are missing values, then the R update
equation involves y,, and that will involve the inverse of Ry (section 5.2), which might
have zeros on the diagonal. In that case, use the V, modification that deals with zeros
on the diagonal of R (equation 132).

6.2.1 Modified likelihood for partially deterministic models

Let R be the sub-setted positive R matrix. For example, if

1 0 2 R
R=[0 0 0|, then R*:{2 '1] (157)
20 1 '

Let Q. be a p x n matrix that extracts the p non-zero rows from R, and can extract R™
from R. The diagonal matrix (Q;7)"Q;" = I zero’s out the zero row in R (and any
n x 1 row vector. For the example above,

RT=QR(Q)"

y;r:Qj}’z
(158)
+_ |1 00 + FNTo+ LoD
9’2001 ['=(Q)'Q =10 0 0
0 0 1

22This means the following. Let the rows where the diagonal elements in Q equal zero be denoted i and
the the rows where there are non-zero diagonals be denoted j. The B elements are the B elements where
both row and column are in i. The B()) elements are the B elements where both row and column are in j. If
the B and B() elements in B are blocks, this means all the B; ; are 0; no deterministic components interact
with the stochastic components.
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Let Qﬁo) be a (n— p) X n matrix that extracts the n — p zero rows from R. For the
example above,

(159)
Q%=1 1 0o 1¥V=@") "=

S OO
S = O

0
0
0

Similarly, Q; extracts the non-zero rows from Q and QEIO) extracts the zero rows.

Using these definitions, we can rewrite the state process part of the MARSS model
by separating out the deterministic parts (Q = 0):

x,<0> = Qf]())x, = Q,(]O)th,l + Q((]O)u
X =0 x =Q By 1 +Q utw,
w,” ~ MVN(0,Q")
x0 ~ MVN(§,A)

(160)

Similarly, we can rewrite the observation process part of the MARSS model by sepa-
rating out the parts with R = 0:

0 0 0
w =y, = Q% (Zx +a)
=0 (ZX)x: + 71"x, + a)
Y =90y = Q7 (Zxi +a) + v, (161)
= QF (ZLx + Z1x, +a) +v,
v," ~ MVN(0,R")
In order for this to be solvable using an EM algorithm with the Kalman filter, we
require that no estimated B or u elements appear in the equation for y,(o). Since the y§0>
don’t appear in the likelihood function RO = (), y,(O> would not affect the the esti-

mate for the parameters appearing in the yfo)

equation. This translates to the following
constraints, (I® Z*I(qo) )Djp is all zeros and (I® Z+I<qo>)Du is all zeros. Also notice that
Qﬁ())Z and ng)a appear in the y(*) equation and not in the y* equation. This means

that Qﬁo) Z and Qﬁo)a cannot be estimated but must be fixed terms.
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In summary, the degenerate model becomes

x,(o) =BOx_; +u®
x;’ = B+x,,1 +u* +W,+
w," ~ MVN(0,Q")
xo ~ MVN(E, A)
30 =7 Lx + Z(O)Iéo)x, +a®

v =Z"x,+at +v

(162)

=7 x+ Z+I<qo)xt +at +v
v;" ~ MVN(0,R")

where B0) = Q,(IO)B and BT = QquB so that B() are the rows of B corresponding to the
diagonal of Q = 0 and B™ are the rows of B corresponding to the diagonal of Q # 0.
The other parameters are similarly defined: u® = Q(q())u andut = Q;u, 70 = Q$O>Z
and Z+ = QZ, and a® = Q"aanda* = O} a.

We want to write down the joint likelihood of y* = {y",y,+,y3+,...} and x* =
{xf x5 ,x;’, ...}. We can write the joint log-likelihood function for the + elements using
equations 160 and 161 along with the likelihood function for a multivariate normal
distribution.

logL(y*,x";0) =

0 2" (x +1x) —a®) T (R) !

D —
M=~

0 T
0 —Z ([ x+10%) —a") - 5 log|R™| (163)

1

T
— 320 =Bl —u) Q) (k" —BYx o —u”) — S log|Q|

M=

1 1
— 50 —8) A (x0 &) — 5 log|A| — S log2n

n is the number of data points. If either R or Q are all zero, the line in the log-likelihood
equation involving R™ or QT disappears. Notice that a® and Z(© do not appear,
which means that the rows of a and Z associated with deterministic y do not appear.
Since these parameters do not appear in the likelihood (as written above), we cannot
maximize the expected log-likelihood with respect to them. Notice also that B and

u(® appear in the y part of the likelihood (in Iéo)x,) while BT and u™ appear in the x
part.
If xp is treated as fixed (A = 0), then the likelihood takes a slightly different form
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using equation (162)
logL(y",x";0) =

1 T
— S X0 2 G+ 1) —at) T (RY)
1

T
0 — (Z i + 27 (L x +1%) —at) — S log R
2 (164)

N =

T
Y (o —Btx o — uh) Q) '(xf —Bx_ —u')
T

T
— Elog|Q+| - glogZ‘n
where xo =&

If the initial condition parameters refer to x; instead of xp, then the x summation in
equations 164 and 163 starts at 2 instead of 1.

6.2.2 Summary of requirements

Below are discussed the update equations for the different parameters. Here I summa-
rize the constraints that are scattered throughout these subsections.

o (I Z*1")\Dj is all zeros; if there is a y with R = 0 and it is linked (through
Z) to an x with Q = 0, then the corresponding B elements are fixed instead of
estimated.

o (I®Z'1)\D, is all zeros; if there is a y with R = 0 and it is linked (through
Z) to an x with Q = 0, then the corresponding u elements are fixed instead of
estimated.

e I® Q§0>)DZ is all zeros; if y has no observation error, then the corresponding Z
rows are fixed values.

e (I® Q§0>)Da is all zeros; if y has no observation error, then the corresponding a
rows are fixed values.

° Q:rZL(]O) has no rows that are all zeros; this is a sufficient contraint but it’s a
bit too stringent. The constraint is that the B elements appear in the y™ part
of the likelihood and you need to make sure that all the elements appear (aren’t
zero-ed out by zero rows in QjZIE,O)). This requirement means that there are
no deterministic processes observed with no errors; if you have deterministic
processes that are observed with no errors, then you should be able to rewrite the
model to remove that redundant y by having n < m.

e B is fixed. While it could be estimated potentially, the derivation here assumes
it is not.
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e If part or all of u® ig estimated, then the estimated u© elements must uncon-
nected to the stochastic part of the x model; this allows us to use the matrix
geometric series to rewrite x© in terms of u(®, ﬁ(o) and B() in the u update
equation. B must be block diagonal with QEIO)B(Q((]O))T and QB(Q;) " in sep-
arate blocks or . This means that deterministic state processes are not linked
to the stochastic state processes through B. Also the absolute value of all the
eigenvalues of Q((IO)B(QSD)T must be less than 1.

o If u(O) is fixed, then B need not be block diagonal. The only requirement is that
B is fixed.

The dimension of the identity matrices in the above constraints is implicit.

6.2.3 Z* and a* update equations for partially deterministic models

The a and Z update equations involve both y, and the inverse of R and thus must be
modified allow zeros on the diagonal of R.

Because we require that 29 and a(® are fixed, we can rewrite the Z update equa-
tion in the case where there are zeros on the diagonal of R as the constrained update
equation for Z (equation 111) with R™! replaced with R*:

T _ —1
o~ (L 0IBer)D)) DI

t=1

. (165)
Y (vec(R*(yx, —ax, ) — (P, @ R")f,)
t=1

where R* = (@) T (R")~1Q;". Combining ;| with Zfixed, we arrive at the vec of the

updated Z matrix:
vee(Zj11) = F. + DL (166)

Because the Z(©) elements are fixed, DzT (IN’, ®R*)D, is invertible. As usual, Z elements
must be fixed in such a way that the model has one solution.

Similarly, the derivation for the constrained a update equation also reduces to the
constrained a equation (equation 88) with R™! replaced with R*:

1 _ I
?(DZR*DQ) DR Y (5, - 2% —£.) (167)

t=1

Ojrg =

The new a parameter is then
aj+1 :fa+Daaj+1; (168)

The a() elements are fixed which means that D] R*D, is invertible. For example, if R
is all zeros and Z is a column vector, then all the a elements must be fixed.
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6.2.4 Systems with fully deterministic x rows

Our process equation is x; = Bx;_; + u, with the w; term left off. Each row i in u is
an individual u; parameter although we work with u as a vector. Each u; is associated
with row i in x; (left side). When we do the partial differentiation step in deriving the
EM update equation for u (or & if A = 0), we will need to take a partial derivative
while holding x;, (which includes x;_;) constant. If any of our rows in x; are fully
deteministic, meaning no process variance for that row and NOT connected through B
to any of the stochastic rows, then we cannot hold that row of x constant while changing
the corresponding row of u (or & if A =0). If a row of x is fully deterministic, then
that x; must change when u; is changed (or &; if A = 0). Thus we simply cannot do the
partial differentiation step required in the EM update equation derivation.

So we need to identify the fully deterministic x and treat them differently in our
update equation. x; is directly stochastic when the corresponding Q diagonal term is
non-zero. I will denote this group as the Q # 0 group. Secondly, x; could be indirectly
stochastic by being connected to the Q # 0 group through B. If we replace all non-zero
elements in B with 1, then we have an adjacency matrix, let’s call it M, for our system
of x’s. Then finding out whether x; is fully deterministic is a matter of determining if
there exists a path in M from x; in the Q = 0 group to the x; in the Q # 0 group. If no
path exists, then x; is fully deterministic. Note if x; is fully deterministic but we are not
trying to estimate u; or §; or B; , then it does not matter since we won’t be taking the
partial derivative with respect to u;.

Denote the i for the fully deterministic x rows as d. B can be thought of has having
two types of rows: stochastic either directly on indirectly and fully deterministic. By
definition, the B can be rearranged to look something like so where s are stochastic
because Q # 0, is are indirectly stochastic because Q = 0 but they are linked to the
s rows through B, and d are fully deterministic rows because Q = 0 and they are not
linked to the s rows through B:

Tta

is
0
0

~
“

s
is is is (169)

o o

d d d

d d d

The s’s, is’s and d’s are not all equal; I am just showing the blocks. The Os in the
fully deterministic rows are what is causing these to be fully deterministic. This is the
Q = 0e A =0 group that is unconnected to the Q # 0 group through any path through
B.

How do you determine the d, or deterministic, set of x rows? Since my B matrices
are small, I use a very inefficient strategy in my code. I define the M adjacency matrix
by replacing all non-zero B values with 1. Then I raise M to the m-th power to find
all the connections of length m or smaller. I subset out the M™ rows associated with
Q = 0. Within that subset, those rows where only Os appear in the Q # 0 columns are
the fully deterministic x rows. This is inefficient because taking the m-th power of M
is slow as m gets large. There are much faster algorithm for finding paths, but this test
is only done once at the start of the EM algorithm.
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6.2.5 u update equation for systems with fully deterministic x rows

To derive the update equation for u, we need to take the partial derivative of ¥+ hold-
ing everything constant except u, which includes both u¢ and w* (d denotes the fully
deterministic and s denotes stochastic, directly or indirectly). The state processes in x?
are fully deterministic, therefore we cannot hold x? constant while changing u?. If we
change u?, then x/ must change because it is fully deterministic. This is in contrast to
v’ which can be changed while holding x* constant, because x* is stochastic (perhaps
indirectly through B) and all values are possible for a given u* (and the x? are uncon-
nected to x° so also do not change if u’ is changed). Thus we need to replace xfl (it is
inside L(IO)xt) appearing in the likelihood with an equation that does not involve x;j.

By definition, all the B elements in the s columns of B¢ are 0 (see equation 169).
If the absolute value of all the eigenvalues of B%“ are less than 1 (B%< is the block
of d’s in equation 169), we can rewrite the equation for x as follows using the matrix
geometric series:

t—1

x;l :(Bd,d)txtoi + Z(Bd,d)lud _
i=0

170

(BX)'xg + (I=B*) " (1— (B*))u?, if B* £1 (7o

xd+ud, ifBY =1

where B% is the block of d’s in equation 169.
(0)

Then to obtain the u update equation, we will replace the I, x; term appearing
in the likelihood (equation 163) with Iixt + I;Sxt where IZ and Iﬁj are defined in the

standard way: they are diagonal matrices where all elements are 0 except the diagonals
corresponding to the d (or is) rows are set to 1. ISIO) = If]l + qu‘“ since for the d and is
rows are associated with Q diagonals equal to 0. We are only concerned about the I‘qlx,

because these are the x elements that cannot be held fixed when u? is changed.
We rewrite this with the matrix geometric series:
d ° d o\ — Y d
0% = (B*)'xo+14(L, —B*) "' (I, — (B*)")I{u
= B<>x0 + Bﬁll
where B® = I/BI! (171)
where BY = (B*)/
and BY = 1%(L,, — B*) ' (I,, - BY)I¢

The Equation 171 has been written slightly differently so that we are working with a B
matrix with the stochastic row/columns zeroed out (If;BI‘q’) and the x; vector with the

stochastic rows zeroed out (ngl). If any block of B*® is an identity matrix, then we will

need to replace the corresponding block in (Boxo + Bj) with tI, a diagonal block with
t on the diagonal.

We will replace qu“x, with If;(th_l +u). We cannot do this with the deterministic
rows in x because when we try to do the partial differentiation, we would not be able to
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hold x?_, constant since it is fully deterministic. But since x/* | is stochastic (indirectly
through B) we can do the partial differentiation step.
Thus ¥+ becomes

¥ = E[logL(Y",X";0)] =
E[—;i(yj —Z" (I X, +15(BX,_; +u) + 1¢(BYXo + B*u)) —a™) "(R") !
¥ —Z" (X, +15(BX,_; +u) + I (B¥xo + B*u)) —a™) — glog IRY|
Iy B u) Q) K B X,—u)
1

NN N

1 _ 1 n
log|Q"| -5 (Xo —E)TA (X&) - 5 log|A| 3 log2n
(172)

The u(® parameter appears in the ¥ part of the likelihood (as (qu"' + I‘q’)u) and u™ appears
in the x part. However, because u can have shared elements, it is possible that a u
element is shared across u® and u™. We write u as f, + D,v, put that in equation
(172), and differentiate with respect to v rather than u® orut.

The derivation steps are similar to those for the general update equation (analogous
to equation 86). Take the derivative of ¥+ (equation 172) with respect to v. After
taking the derivative with respect to v, we get:

D/ (R +TQ*)D,» =
T
D, 1) Y (B! +15)TZ R (§, - ZI X, — ZI'BX,_ — ZIPf, — ZI¢(BOX, + B'f,) — a)
=1

~

T
+D,I;Q" Y (x,—Bx,_; —f,)
t=1

where R* = ()" (RT)'Q;f
T
andR* =Y (B + 1) Z ' R*Z(B* +I5)
t=1
and Q" = ()" (Q")'Q/
(173)

R’ will have Os where Q # 0 and Q* will have Os where Q = 0. B* is wrapped in IZ
which is why that does not appear in front of it in the equation. Note that R + Q*
does not have any zero rows or columns since we require that any state process with
zero variance is observed with errors (no zero rows in QfZL(IO)). This means that

corresponding Q' rows/columns of (B*)TZTR*ZB’ will be non-zero. Note that the
B(00) part of B* will never have all zero rows/columns by virtue of its definition. Also
note that because Q* = I;{Q*Iq+ by definition, R? is contributing to the u’s associated
with Q = 0 and Q* contributes to the u's associated with Q # 0.
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Thus, the updated v is
¥ —1
v = (D] (R*+7Q")D,) D, x

T
( Y (B +I5)TZ R (3, — 21, %, — ZI;BX,_ — ZIf, — ZBYXo — ZB*f, —a)

=1
T
+LQ" Y (X —Bx, —fu)>
=1
(174)

and
u; =£+D,0;41, (175)

where B® and B? are defined in equation (171) and R¥, R* and Q* are defined in
equation (173). If xo is treated as fixed, Xq is replaced with &, otherwise it has its usual
definition (EXoly(1),®;]).

Conceptually, I think the approach described here is the same as the approach pre-
sented in section 4.2.5 of (Harvey, 1989), but it is more general because it deals with the
case where some u elements are shared (linear functions of some set of shared values),
possibly across deterministic and stochastic elements. Also, I present it here within the
context of the EM algorithm, so solving for the maximum-likelihood u appears in the
context of maximizing W+ with respect to u for the update equation at iteration j+ 1.

6.2.6 u' update equation when u(? is not estimated

When u'© is not estimated (since it is at some user defined value), we do not need to
take the partial derivative with respect to u(?). Thus the likelihood (equation 163) is
unchanged. Since u™ only appears in the x part of the likelihood, the update equation
for u is relatively unchanged: Thus,

1 - Loe e
V41 = 7 (D, Q'D,) IDIQ*ZI(XI—BXt,l—fu) (176)
t=

and

u;=£-+D0;y1, (77
The difference is that Q* appears in the equation instead of Q! to deal with the Os on
the diagonal of Q when taking the inverse. Equation 175 reduces to this since D;'—I(qo)
will be all zeros so the R part of the update equation drops out.

6.2.7 &' update equation when £ is not estimated

When é;(o) is not estimated (because you fixed it as some value), we do not need to
take the partial derivative with respect to ﬁ(o) since we will not be estimating it. Thus
the likelihood (equation 163) is unchanged and the update equation for § is relatively
unchanged (see section on the unconstrained & update equations. The one difference
is that Q* will appear in the update equation to deal with the Os on the diagonal of Q
when taking the inverse.
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6.2.8 & update equation when A # 0

If A0 # 0 then the update equation for £ does not change since we can take the partial
derivative of ¥ while holding X constant.

6.2.9 §<O) update equation when A =0 and xo =

Define F,(O) as the & rows corresponding to Q diagonal values equal to 0. The expected
log likelihood function for this case, when A = 0 is written:

¥ = E[logL(Y",X";0)] =

1 & 0)+ (0 _ 0)+ (0 L1
Bl - L0 -2 (1%, +17%") —a®) (R (¥, — 27 (X +17X") —a") — ) Jlog R

1 1
PR N O - (x+_Rp+ oy H_n
—ZE(X, -B'X, 1 —u")" QN "X, -BTX, | —u )—Zilog|Q |—§log2n]

1 1

XQE&
(178)

When A®) = 0, we run into the same troubles as for u®). We need to take the partial
derivative of W' holding everything but & constant. But if some of the x are fully
deterministic, they will automatically change with éd since they are a deterministic
function of £; they won’t be affected by the other & rows since by definition fully
deterministic x are not connected, via B, to any other rows except those in the fully
deterministic group. If some of the x are indirectly stochastic, x’f will automatically
change with & since x¥ = BE +u (no w;).
We use the same trick as for u(®:

¥ = E[logL(Y",X";0)] =
E[-(Y{ —Z"(I)X] +1;(BE+u) +I§(B§>§+B{u)) —ah)T

(
(RO) YT —Z7 (LX) +15(BE+u) +1¢(BYE +Blu)) —a™)
T

Y ¥ -2 (X, +1PX, +I§(B§>§+B§u)) —a") RN\ (Y -2 (1) X, + X, +Ig(B§>§+B§u)) —a")—
2

T T
1 _ 1 n
— Y& =B —u ) (Q) XS —BX, o —u') — ) S log|QF| - Jlog2n]
1 1
xOEE.~
(179)

We take the derivative of ¥* (equation 179) with respect to p where & = fe + Dep.
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The constrained p update equation when Q has zeros on the diagonal is then

D (R +B'Q'B)D;p =
D] (1510)

+I7BTQ" (X — Bf: u))

Y BYZ'R*(y, — ZI/X, — ZB'u — ZBf; —a)

T
t=1

(180)

T
where R® = Yy BYZ R*ZB®

t=1

The matrices B and B? are defined in equation (171), and R* and Q" are defined in
equation (173). The absolute value of all the eigenvalues of B(%) are constrained to be
less than or equal to 1.

Thus, the updated p is

. -1
Py~ (O] BT B D]
T
<I§°> Zi BOZ'R*(§, - ZI} %, — ZB*u — ZBf; —a) (181)
=
i I;;BTQ* (&1 — Bfg — u))

and
€j+1 = +Depjyi, (182)

6.2.10 &' update equation when £ is fixed

When ﬁ(o) is fixed, we do not need to take the partial derivative with respect to §<O)
since it is now fixed. Thus the likelihood (equation 163) is unchanged and the up-
date equation for & is relatively unchanged (see section on the unconstrained & update
equations.

For example if & is treated as an unknown parameters and A = 0, then

pjs1 = (D{B'Q"BD;) 'D{B'Q"(X; —u—Bf;) (183)

The difference is that Q" appears to deal with the Os on the diagonal of Q when taking
the inverse.
6.2.11 B update equation for partially deterministic models when B is diago-

nal and not fixed

If B js diagonal and fixed, we can use the usual constrained update equation for B.
But if we wanted to estimate B<0), the problem becomes difficult as outlined here. First
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we would write ¥ in equation (172) as a function of B instead of B. Note that B®X,
and Bfu are column vectors. We could use relation (74) to show that:

1B X, = (XJ @ D((£,") + DYB).
1B u = (u” o) ((1) + D B),

_di
where d' = &
> (184)
)
[di/(1—d,)
where d° = dy/(1~do)
d,/(1—dp)

The terms fgo) and Dl(,o) have the rows corresponding to vec(B™) zero’ed out.

The derivation I believe would proceed by taking the derivative of W™ with respect
to B. However we would end up with a polynomial in  because we will have the terms
%—}Z and W. where b denotes one of the diagonal elements in B(). That starts to
look messy and there might be multiple solutions. Perhaps another day, I will solve that
problem or come upon a more elegant solution. For now, I will side-step this problem
and require that any B(©) terms are fixed.

7 Implementation comments

The EM algorithm is a hill-climbing algorithm and like all hill-climbing algorithms
it can get stuck on local maxima. There are a number approaches to doing a pre-
search of the initial conditions space, but a brute force random Monte Carol search
appears to work well (Biernacki et al., 2003). It is slow, but normally sufficient. In my
experience, Monte Carlo initial conditions searches become important as the fraction
of missing data in the data set increases. Certainly an initial conditions search should
be done before reporting final estimates for an analysis. However in our®? studies on
the distributional properties of parameter estimates, we rarely found it necessary to do
an initial conditions search.

The EM algorithm will quickly home in on parameter estimates that are close to
the maximum, but once the values are close, the EM algorithm can slow to a crawl.
Some researchers start with an EM algorithm to get close to the maximum-likelihood
parameters and then switch to a quasi-Newton method for the final search. In many
ecological applications, parameter estimates that differ by less than 3 decimal places
are for all practical purposes the same. Thus we have not used the quasi-Newton final
search.

Shumway and Stoffer (2006; chapter 6) imply in their discussion of the EM algo-
rithm that both & and A can be estimated, though not simultaneously. Harvey (1989),

23«Qur” and “we” in this section means work and papers by E. E. Holmes and E.J. Ward.
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in contrast, discusses that there are only two allowable cases for the initial conditions:
1) fixed but unknown and 2) a initial condition set as a prior. In case 1, & is xp (or x1)
and is then estimated as a parameter; A is held fixed at 0. In case 2, & and A specify the
mean and variance of X (or X ) respectively. Neither are estimated; instead, they are
specified as part of the model.

As mentioned in the introduction, misspecification of the prior on xy can have catas-
trophic and undetectable effects on your parameter estimates. For many MARSS mod-
els, you will never see this problem. However, if you are fitting models that imply a
correlation structure between the hidden states (i.e. the variance-covariance matrix of
the X’s is not diagonal), then your prior can definitely create problems if it does not
have the same correlation structure as that implied by your MLE model. A common
default is to use a prior with a diagonal variance-covariance matrix. This can lead to
serious problems if the implied variance-covariance of the X’s is not diagonal. A dif-
fuse prior does not get around this since it has a correlation structure also even if it has
infinite variance.

One way you can detect that you have a problem is to start the EM algorithm at the
outputs from a Newton-esque algorithm. If the EM estimates diverge and the likelihood
drops, you have a problem. Here are a few suggestions for getting around the problem:

o Treatx( as an estimated parameter and set Vo=0. If the model is not stable going
backwards in time, then treat x; as the estimated parameter; this will allow the
data to constrain the x; estimate (since there is no data at r = 0, xp has no data to
constrain it).

e Try a diffuse prior, but first read the info in the KFAS R package about diffuse
priors since MARSS uses the KFAS implementation. In particular, note that you
will still be imposing an information on the correlation structure using a diffuse
prior; whatever Vo you use is telling the algorithm what correlation structure to
use. If there is a mismatch between the correlation structure in the prior and the
correlation structure implied by the MLE model, you will not be escaping the
prior problem. But sometimes you will know your implied correlation structure.
For example, you may know that the x’s are independent or you may be able
to solve for the stationary distribution a priori if your stationary distribution is
not a function of the parameters you are trying to estimate. Other times you are
estimating a parameter that determines the correlation structure (like B) and you
will not know a priori what the correlation structure is.

In some cases, the update equation for one parameter needs other parameters. Tech-
nically, the Kalman filter/smoother should be run between each parameter update, how-
ever following Ghahramani and Hinton (1996) the default MARSS algorithm skips this
step (unless the user sets control $EMsafe=TRUE) and each updated parameter is used
for subsequent update equations.

8 MARSS R package

R code for the Kalman filter, Kalman smoother, and EM algorithm is provided as a sep-
arate R package, MARSS, available on CRAN (http://cran.r-project.org/web/packages/MARSS).
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MARSS was developed by Elizabeth Holmes, Eric Ward and Kellie Wills and provides
maximum-likelihood estimation and model-selection for both unconstrained and con-
strained MARSS models. The package contains a detailed user guide which shows
various applications. In addition to model fitting via the EM algorithm, the package
provides algorithms for bootstrapping, confidence intervals, auxiliary residuals, and
model selection criteria.
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